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THE FOURIER EXPANSION OF HECKE OPERATORS
FOR VECTOR-VALUED MODULAR FORMS

OLIVER STEIN

Abstract: We compute the Fourier expansion of Hecke operators on vector-valued modular
forms for the Weil representation associated to a lattice L. The Hecke operators considered
in this paper include operators T(p?!) where p is a prime dividing the level of the lattice L.
Additionally, an explicit formula for a general type of Gauss sum associated to a lattice L drops
out as a by-product.
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tion, Gauss sums.

1. Introduction

Hecke operators are an important part of the theory of modular forms, see e.g.
[Sh1], [Sh2|, [Sh3] or [EZ] and many other papers. They can be used to study
arithmetic properties of Fourier coefficients of a modular form and to exhibit re-
lations between them. To this end an explicit description of the action of Hecke
operators on the Fourier coefficients of a modular form is vital.

Borcherds discovered in [Bol] a theta lift which maps vector-valued modular
forms for SLy(Z) to autormorphic forms on orthogonal groups. These vector-valued
modular forms transform with a certain representation of SLy(Z), the Weil repre-
sentation o, which is associated to a lattice L. Since then vector-valued modular
forms of this type are the subject of many recently published papers, see e.g. [Bo2],
[Br],[BS], [Sc], [BO1] and [BO2].

The paper [BS] provides a foundation of a Hecke theory for vector-valued mod-
ular forms of type oy, along the same lines as it is known for the classical elliptic
modular forms. Two cases are considered in the paper. The first one defines Hecke
operators T'(n) where n is assumed to be coprime to the level N of the lattice L.
The definition of such a Hecke operator involves the extension of the Weil repre-
sentation to some subgroup of GL3 (Q). This extension depends fundamentally
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on the condition (n, N) = 1 and assumes further that n is a square modulo N.
Moreover, for modular forms of half-integral weight it turns out that T'(n) is only
non trivial if n is a square number in the integers. One important result is the
explicit description of the action of T'(n) on the Fourier expansion of a modular
form for a prime or a square of a prime.

The second case is a generalisation of the first one since the assumption
(n,N) = 1 is dropped. The results of the first case cannot be carried over to
the general one since the extension of gy, relies essentially on the above mentioned
condition on n. Nevertheless, it is still possible to extend the Weil representation
to a suitable double coset and to define a Hecke operator by the action of such
a double coset. In contrast to the first case, a description of the action of T'(n) on
the Fourier coefficients of a modular form is not given.

The present paper provides an explicit formula for the Fourier expansion of
the Hecke operator T'(p?') for an odd prime p and a positive integer [. Compared
to the paper [BS], there are no restrictions on the prime p except that it has to
be odd. Insofar, the paper at hand provides the missing action on the Fourier
expansion for the more general Hecke operator and a generalisation of the formula
for the action of T'(p?) in the first mentioned case above.

We now describe the content of the paper in some more detail. Let (L,b(-,-))
be an even non-degenerate lattice of type (b*,b~) where b(-,-) denotes a bilinear
form on L with associated quadratic form x +— q(z). The number b+ — b~ is called
the signature of L. Let L’ be the dual lattice of L and £ := L’/L the discriminant
group. The level of L is defined to be the smallest integer N such that Ng¢(x) € Z
for all x € L’. In order to keep the exposition in the introduction as simple as
possible we limit ourselves to the situation where the signature of L is even. In
the body of the paper the case of odd and even signature is treated. For even
signature the Weil representation is a representation pr of I'(1) = SL3(Z) on the
group ring C[£] of the discriminant group,

or : F(].) — (C[L:}

A modular form of weight & € Z and type oy, for T'(1) is a holomorphic function
f+ H — C[L] which satisfies

fOr) = (e + d)For(7) f(7)

for all v = (‘c’ Z) € I'(1) and which is holomorphic at the cusp co. A cusp form f
satisfies the usual additional condition with respect to the Fourier expansion of all
component functions fy of f = >, . faex. Here, {ex}rcs denotes the standard
basis of C[L£] considered as a vector space.

As already stated, this paper is mainly concerned with the calculation of the
Fourier expansion of f |5 7, T(p*) for any odd prime p and any positive integer I.
We now briefly sketch how T'(p?') can be defined (for details see [BS]) and outline
the steps necessary to obtain explicit formulas for the action of T'(p?') on Fourier

expansions. Let oo = (P;l (1)) € GL$ (Q). We define o7, on o by

o7 (@)ex = ey, (1.1)
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It can be proven that (1.1) can be extended to an action on the double coset
I'(1)al'(1) by
or' (Bex = o' (V)er (@)or ! ()ex (1.2)

where 3 = yay’ and 7,v’ € I'(1). The Hecke operator T'(p?) is then defined in
the usual way by the action of the double coset I'(1)al'(1).

Flir TE™) =p™*2 37N (i [k 6:)0r (8)ex (1.3)

i AEL

where the §; € GL3 (Q) form a set of left coset representatives of T'(1)\I'(1)aI'(1).
In order to calculate the Fourier expansion of f |, T((p?) it is at first necessary
to evaluate

07 (8:)ex

for all representatives d; according to the rule of (1.2). Theorem 5.2 provides
the corresponding formulas for g;l(éi)e A- The proof of the theorem is based on
a formula of Shintani, [Shin|, Prop. 1.6, and the formulas of the Weil representation
for the standard generators S and T of I'(1). These formulas applied, lead to
considerably complicated expressions which are simplified to a “ready to compute”
formula in the course of the proof.

In Theorem 5.4 the Fourier expansion of f | T(p?) will then be computed.
As a corollary the corresponding formula for a prime p coprime to N is given. It
can be verified that the Fourier expansion for [ = 1, proven in Theorem 4.10 of
[BS], can indeed be recovered by the formula in corollary 5.6. In Corollary 5.7
we show that the vector-valued Hecke operator T'(p?) corresponds to the Hecke
operator T}, for Jacobi forms by comparing Fourier expansions.

In the course of calculating the expansion of f |5z T(p*) some general Gauss

o G = 3 e(3aw) (1.4

!
vEL/p'L p

occur. There is a separate section, section 4, in this paper which is devoted to
explicitly evaluate these Gauss sums. This evaluation is based on a diagonalization
of the quadratic form q on the (Z/p'Z)-module L/p'L which is similar to the
diagonalization over the p-adic integers in Theorem 2 in chapter 15 of [CS]. Gauss
sums of this type are not new and appear frequently in the literature. The papers
[Sc], [Scl] and [Str| provide also explicit formulas for (1.4) based on the Jordan
decomposition of a quadratic module. However, these formulas seem not to be
immediately applicable to our needs and look not as simple as ours.

2. The Weil representation and vector-valued modular forms

In this section we recall some basic facts about the Weil representation and vector-
valued modular forms transforming with the Weil representation. We follow [BS]
and [Br].
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The group GL3 (R) = {M € GLy(R); det(M) > 0} acts on the upper half-
plane H = {r =2+ iy € C; Im(r)> 0} and on HU R U {co}, respectively, by
linear fractional transformations. For z € C let \/z = z'/2 be the principal branch
of the square root, i. e. arg(y/z) € (—n/2,7/2]. For an integer k we put z¥/? =

\/Ek. For M = (2%) € GL3 (R) and 7 € H we define the automorphy factor
J(M,T) =Ver +d.

With @;(R) we denote the metaplectic cover of GLJ (R), i. e. the group of
pairs (M, ¢(7)), where M € GL§ (R) and ¢(7) = j(M,7) or —j(M, 7). The group
multiplication is given by

(My, ¢1(7))(Ma, p2(7)) = (M1 Ma, $1(MaT)d2(T)).

Let @i; (R) — GLJ (R) be the projection on the first component. For any sub-
group I' of GL (R) we write T for the inverse image under the projection. In
particular, we put I'(1) = SLy(Z). The group I'(1) is generated by T = (31),1)
and S = ((97'),/7) satisfying the relations S? = (ST)? = Z where Z =
(" ) ).

Let (L,b(-,-)) be a non-degenerate even lattice of type (b, ), where b(-,-)
denotes a bilinear form on L with associated quadratic form z — g(z) = 1b(x,z).
Further, let sig(L) = bt — b~ be the signature of L. We define the dual lattice L’
of L to be

L'={xeL®Q:b(zx,y) €Zforally e L}.

Since L is even we have that L is a subgroup of L’ and
L:=L"/L

is a finite abelian group. The mod 1 reduction of b(-,-) is a Q/Z-valued bilinear
form on L. The associated quadratic form is the mod 1 reduction of the quadratic
form z — ¢(z) on L'. For n € N we define the subgroups

Lh={peLl:Tvelyu=nv},
L, ={peLl:nu=0}

and the subset
L ={peLl:(pv)=nm/2 (mod1)forallve (L'/L),}
of L. These subgroups are connected by the following exact sequence
0—L, —L—L"—0, (2.1)

where the second map is an embedding and the third one the multiplication with n.
Furthermore, we denote with L(n) and L'(n) the lattice L and L’ respectively
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equipped with the scaled bilinear form nb(-, -) and accordingly the scaled quadratic
form nq(-). For the rest of the paper we will use the following notation

L(n):=L'(n)/L(n).
Note that one can prove that L™ = L" if n is an odd integer (see e.g.
[Bo2|, p. 324).
There is a unitary representation oy, of I'(1) on the group algebra C[L£] which
will be described now: Let {e)}xrer be the standard basis of C[L] as a C-vector

space and e(z) = 2™, It is sufficient to define the representation on the genera-
tors S and T"

or.(T)(ex) = e(g(N))ex, (2.2)

e(—sig(L)/8)
L(S)(ex) = S e(=b(A, 1m))e,. (2.3)
1% A Tﬁl = H

The representation on Z is given by

oL (Z)(ex) = e(—sig(L)/4)e-x. (2.4)

It can be verified that the formulas (2.3) and (2.2) satisfy the above mentioned
relations of S and T which proves that they indeed define a representation on f(l),
the Weil representation.

We have Z%2 = ((39),-1) and 01,(Z%)(es) = (—1)8@)ey. Therefore, if the
signature of L is even, the Weil representation factors through I'(1). Let N be the
level of the lattice L, i. e. the smallest positive integer N such that N¢(z) € Z for
all x € L'. Tt is well known that the Weil representation is trivial on the principal
congruence subgroup I'(N) (see [Eb], Theorem 3.2). It follows that o factors
through the finite group

T(1)/T(N)  SLy(Z/N7Z). (2.5)

If the signature sig(L) is odd, one can show that 4 divides the level N of the lattice.
In this case the Weil representation is trivial on the group T'(N)* = {(~, J(v,7)) :

v € T(N)} € T(1) where J((25),7) = (£)5((*}),7) is the theta multiplier. It
follows that oy, factors through the finite quotient
L(1)/T(N)", (2.6)

see [BS], p. 253.
The following proposition provides an explicit formula for the Weil representa-
tion on lower triangular matrices of I'(1). A proof can be found in [BS], Lemma 2.3.

Proposition 2.1. Let U = ((19),v/7+1) € I'(1). The Weil representation of
U™ is given by

or(U™)er = %Z 1)+ b, A = v))e,.
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We now define vector-valued modular forms of type g;. With respect to the
standard basis of C[£] a function f : H — C[L] can be written in the form

Fr) =" fa()er

AeL

The following operator generalises the usual Petersson slash operator to the space
of all those functions. For k € %Z we define

Fler (v, 0) = o(v,7) " oL(y,¢) " f(y7). (2.7)

A holomorphic function f : H — C[L£] is called a modular form of weight k& and
type oy, for f(l) if fler (7,¢) = f for all (v,¢) € f(l), and if f is holomorphic at
the cusp co. Here the last condition means that all Fourier coefficients ¢(A, n) with
n < 0 vanish. If in addition ¢(A,n) = 0 for all n = 0, we call the corresponding
modular form a cusp form. We denote by Mj, ; the space of all such modular
forms, by Sk 1, the subspace of cusp forms. For more details see e.g. [Br] or [BS].
Note that formula (2.4) implies that My 1 = {0} unless

2k =sig(L) (mod 2). (2.8)
Therefore, if the signature of L is even, only non-trivial spaces of integral weight

can occur, if the signature of L is odd only non-trivial spaces of half-integral weight
can occur. The Petersson scalar product on Si, r, is given by

(f.9) = / ((7), 9(r)) Tm 7*dpu(r) (2.9)
T(D\H
where
_dxdy
d:u(T) - yg

denotes the hyperbolic volume element and
<Za>\e)\,ZbAe>\> = ZaAK (210)
AEL \eL AEL

is the standard scalar product on the group ring C[L].

3. Hecke operators on vector-valued modular forms

In this section we briefly recall how Hecke operators on vector-valued modular
forms can be defined. All details can be found in [BS]. An alternative approach
leading to the same Hecke operator is described in [St]. As usual, Hecke operators
will be defined by the action of a suitable Hecke algebra.
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3.1. The case of even signature

In order to define Hecke operators on Mj, 1, one has to extend the Petersson slash
operator in (2.7) to some suitable group which is isomorphic to a subgroup of
GL;(Q). In particular, this means that the Weil representation has to be ex-
tended to this group. As a starting point the Weil representation, viewed as a
representation of the finite group S(N) :=I'(1)/T'(N),

or(A)ex = or(s(A))er, A€ S(N), (3.1)

can be extended to a group isomorphic to a subgroup of GLo(Z/NZ). Here
s : S(N) — I'(1) is a section, that is 7y o s = idg(y), where my denotes the
component-wise reduction modulo N. Let Q(N) be the group

Q(N) = {(M,r) € GLy(Z/NZ) x (Z/NZ)* : det(M) = 1> (mod N)}

with the product defined component-wise. By M + (M,1) the group S(NV)
can be embedded into Q(N). Moreover, for (M,r) € Q(N ) the map (M,r) —
(M (5 9)_1 ,7) defines an isomorphism Q(N) = S(N) x (Z/NZ)*. Then the Weil
representation of (Z/NZ)* can be defined as follows

or ((6 2) ,T) ex = gigg ex (3.2)
and on the whole group Q(N) b
oL (M, r)ex = on(M (59)7" 1) 0 00((52),7)ex: (3-3)

Here, g,(L) is a Gauss sum defined by
g:(L) =) e(ra(N).

AEL
Since the assignment r — 'Jlgi) defines a character of (Z/NZ)* (see [BS], p. 256)
we have that (3.2) is indeed a representation. It is easily seen that (3.3) extends
the Weil representation to a representation of Q(N). Consider the groups

G(N)={M € GL] (Q) : 3n € Z with (n, N) = 1 such that nM € M>(Z)

and (det(nM),N) =1} (3.4)

and
Q(N) = {(M,r) € G(N) x (Z/NZ)* : det(M) =r* (mod N)}. (3.5)

The modular group I'(1) can be embedded into Q(N) by v — (v,1). The com-
ponent-wise reduction 7 maps the group Q(N) onto the group Q(N). Therefore,
the Weil representation can be extended to the group Q(N) by

o : Q(N) — GL(C[L]),  (M,r) = or(mn(M),r), (3.6)
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where o, on Q(N) is defined by (3.3). The action of Q(N) on vector-valued
functions is then given by

f

ko (M) =" (fx s M)op (M, r)e, (3.7)
Ner

where f =3\, faex and
fle M=o(M,1)"2f(Mr) (3.8)

is the usual Petersson slash operator. It is easily seen that (3.7) extends the action
(2.7) of T'(1) to the group Q(N).

3.2. The case of odd signature

If the signature of L is odd, it suffices to consider vector-valued modular forms
of half-integral weight. In this case (3.8) and (3.6) define only projective actions
of the group Q(N). In order to obtain honest actions one needs to introduce
appropriate central extensions of Q(NN). First we consider the action on C[L]. As
already mentioned (3.6) yields only a projective representation, that is

or: Q(N) — GL(CIL])/{£1}, g er(g)-

Choosing a section s : GL(C[£])/{£1} — GL(CI[L]) gives rise to a cocycle ¢ :
Q(N) x Q(N) — {£1} and a central group extension

Q1(N) = Q(N) x {£1}.
By setting
QL(Ma T, t) = tQL(Ma T)

for (M,r,t) € Q1(N) we obtain a representation of Q;(N). For (y,1) € I'(1) x
{1} C OQ(N) we set
or(7,1) = oL(v,j(v,7))- (3.9)

This choice of s yields an injective homomorphism of I'(1) into Qy(N)

T(1) — Qu(N), (3, £i(1,7) = (3,1, £1). (3.10)

m? 0
oL (( 0 1> ,m) E\ = Cpp—1). (311)

On the other hand, if the weight k € Z + 3 the action (3.8) defines a cocyle
which is determined by the square root of the automorphic factor. One can show
that this cocyle is not cohomologous to the cocycle ¢ on the group Q(N). However,
the choice (3.9) shows that they are identical on the group I'(1) and by a different
choice of s cohomologous.

Moreover, we set
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Therefore, in order to define an action on vector-valued functions one has to
define a twofold central group extension

Qo(N) = {(M, $(M,7),r,t) : M € G(N), r € (Z/NZL)*,

, (3.12)
det(M)=7r*mod N, t € {£1}}
of Q(N) by {£1}. Because of (3.10) there is an injective homomorphism
L:T(1) — QN),  (3.£i(1,7) = (1, %4(3.7), 1, £1). (3.13)

For an element (M, ¢p(M,7),7,t) € Q2(N) we set
QL(M3¢(M7 7—)7T7 t) = QL(M7 T, t)7

that is, we compose the projection to the group Q; () with the Weil representation
on that group. By the definition of the embedding L we have

or(L(7)) = er(7) (3.14)

for v € I'(1). Note that the Weil representation of Q(N) and Q,(N) is unitary
with respect to the scalar product (2.10). The action of Qo(N) on vector-valued
functions f =), faex is given by

f |/€,L (Mv(b(M? T)’T’ t) = Z(fA |k (M7 (b))QZl(M’ T, t)@w (3'15>
A€l

where f |, (M, @) is defined as in (3.8).

3.3. Hecke Operators

Let n € N be coprime to the level N of L. The Hecke operator T'(n) will be
defined in terms of the action of the Hecke algebra given by the pair of groups
(Q(N),T'(1) x {1}) or (Q=2(N), L(T'(1))) depending on the parity of the signature
of the lattice L. The definition of the group Q(N) implies that we have to assume
that n is a square modulo N. Further, if the signature of L is odd one can show
that T'(n) is zero unless n is a square in Z, see [BS], Prop. 4.9. Therefore, we
assume that (n, N) = 1 and

n =r% mod N, if sig(L) is even,

2 o (3.16)

n =m->, if sig(L) is odd.
In order to keep the notation as simple as possible and to treat the cases of odd
and even signature in the following definition simultaneously we introduce the
following notation:

(3.17)

() x {1} cI'(1) x (Z/NZ)*, if sig(L) even,
T L(T(), if sig(L) odd,
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where L denotes the embedding (3.13) and accordingly

M(n) = r(s9),nr, %f s%g(L) even, (3.18)
r(e9),1,m1)r, if sig(L) odd.
As usual, the Hecke operator is then defined by
f e T(n) =nk>7 Z f o M, (3.19)

MeT\M(n)

where the slash operator is given by (3.7) and (3.15) depending on the parity of
the signature of L.

3.4. Generalized Hecke operators

In this section we recall from [BS], section 5, the definition of Hecke operators T'(n)
for all n € N, in particular for (n, N) > 1. In the latter case we need to define an
extension for the Weil representation to matrices M € My(Z) with (det(M), N) >
1, since the reduction of M modulo N does not belong to GL2(Z/NZ). We use
for the rest of this section the following notation

e |LM:Q21(M)€)\ (3.20)

to define a right action of the double coset T'(1) (( n*0)) [(1). In consistency with

the definition of the Weil representation for (n, N) = 1 we set

(5N |L ((762(1))71) = ¢nx, (3.21)

and use in the following the abbreviation

a=((719),1)€GL, (@

(see [BS], (5.1)). The action (3.21) can be extended to the double coset I'(1)aI(1)
in the following way

exlcd=exlovlcalL? (3.22)

for § = yay’ € T'(1)al’'(1). One can show that (3.22) is independent of the
decomposition of §, see [BS|, Proposition 5.1, and moreover, indeed defines an
action on I'(1)al’(1), see [BS], Proposition 5.4.

Using (3.21) and (3.22) it is possible to define Hecke operators for all n € N.

) ~+
Definition 3.1. Let n be a positive integer and v = ((7 9),1) € GL, (Q). Let

r(1)-o-T(1) =T - s
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be a disjoint left coset decomposition. We define the Hecke operator T'(n?) on
modular forms f € M, by

For e Tm*) =nf23 " flin 6 =n "2 3" (fals6:) (ex |2 6:). (3.23)

i AEL
Note that definition 3.1 generalises the one for the case (n, N) = 1.
The following theorem is proved in [BS]|, Theorem 5.6.

Theorem 3.2. Let m,n € N be coprime. Then the Hecke operator T(n?) is
a linear operator on My, 1, taking cusp forms to cusp forms. It is self-adjoint with
respect to the Petersson scalar product (2.9). Moreover,

T(m*)T(n?) = T(m?n?).
4. Gauss sums

In this section we present explicit formulas for some Gauss sums which appear
during the calculation of the Fourier expansion of the above defined Hecke op-
erators. Some of these formulas may be known to the expert, others appear in
a different form in the literature. For reasons of completeness and because these
formulas could be interesting in its own right we provide them here. For the rest
of the paper we denote for any prime p by v, the p-adic valuation on Q.

Lemma 4.1. Let p be an odd prime, x, the character defined by the Legendre
symbol (;}) and x the trivial character. Then for m,s € Z with s > 0,

s—1

), if vp(m) =s—1,

m s—1 c m/p
9(p°, xp,m) := Z Xp(h)e(h )= {p VP p( P

heZ iy p® 0, otherwise,
(4.1)
and
I b A N R
gp* xom) = Y x(h)e(—) =< —p*1, ifop(m)=s—1, (42
heZ/psZ P 0 otherwise.

Proof. In the first case

Y owme™y = T mety om

S S s—1
heZ/psZ P h'€Z/pZ p h'EL)p 1T p
_ P! Zh’GZ/pZ X(hl)pe(hpln) if p>~t[m
0 otherwise .

Here, we have used, that h = h’ + ph” runs exactly once through a complete set
of representatives of Z/p*Z if b’ runs exactly once through Z/pZ and h” through
Z)p* L.

The second identity can be found in [BE], (1.6.4). |
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Lemma 4.2. Let p be an odd prime, h coprime to p and r,s € Zsy with r > s.
Then

doe (hf) =ps (;) ep-/D° (4.3)

s
x€L/p"L p

where

form € Z~y.

Proof. It is easy to verify that if z runs once through a complete set of repre-
sentatives of Z/p°Z and y through a complete set of representatives of Z/p"*Z
then z + p*y runs exactly one time through a set of representatives of Z/p"Z. By
means of this representation and the Theorem 1.52 of [BE] the result follows. W

For a module M we mean by M = M; 1L M that M is the direct sum of the
submodules M; and Ms and that b(M;, M) = 0, where b is a bilinear form on M.

Lemma 4.3. Let L be a lattice, b: L x L — Z a non-degenerate, integral and even
bilinear form, let p be an odd prime and l € Z~1. Then the following statements
hold:

(a) The Z/p'Z-module L/p'L can be decomposed into Z/p'Z-sub modules
L/pL=L 1Lyl ---1L. LM (4.4)

where L; = (Z/p'Z)u; is one-dimensional with b(u;,u;) € (Z/p'Z)* for all i
and b(M, M) C (Z/p'Z) \ (Z/p'Z)*.

(b) The submodule M in the orthogonal decomposition (4.4) allows itself the
following orthogonal decomposition in the above defined sense

M=M LMyl LM, LN (4.5)

where M; = (Z/p'Z)v; with b(v;,v;) € p*(Z/p'Z)*, k € {1,...1 -1} and
b(N,N) = 0 mod p'

Proof. (a) Let B := {b1,...,bp} be a basis of L. Then
{$1b1 +---xpbp 1 x; € Z/plZ}

is a set of representatives of L/p'L, and B is also a basis of the Z/p'Z-module
L/p'L. Since Z/p'Z is a local ring the Theorem 4.1 of [KS| can be applied which
gives immediately the desired result.

(b) The proof is basically the same as in the case of a vector space, see e.g.
Theorem 1.20 of [KS|. A similar proof for p-adic integers in terms of the Gram
matrix can be found in chapter 15, Theorem 2, of [CS].
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We proceed by induction on the dimension of M. If b(M, M) = 0 mod p' then
nothing is to prove (set N := M). Otherwise, since 2 € (Z/p!Z)*, there exists
a vector v € M with b(v,v) # 0. Since M is finite we can choose v to have minimal
p-adic valuation v,(b(v,v)). We can assume that v,(b(v,v)) < v, (b(v, w)) for all
w € M. For, if there exists a w € M with 0 # v,(b(v,w)) < vy(b(v,v)), it can be
easily shown that for the element v + w we have v, (b(v +w, v+ w)) = vp(b(v, w)).
Now, define M := (Z/p'Z)v, where v is chosen as above. It remains to prove
that M can be written as a direct sum of M; and Mi-. Let m € M. Clearly,
m = av + (m — av) for any a € Z/p'Z. We need to determine an a € Z/p'Z such
that m — av € Mi-. It suffices to choose a to satisfy the condition

b(v,m — av) = b(v,m) — ab(v,v) = 0.
This equation can be solved by
a= pvp(b(v,m))fvp(b(v,v))b* (”U, m)(b* (,07 v))fl (46)

where b* (v, m) and b*(v,v) is the part of b(v, m) and b(v,v) respectively which is
coprime to p. Note that a is a well defined element of Z/p'Z by the choice of v.
If we apply the above explained algorithm to the vectors of the basis B we indeed
obtain a direct orthogonal decomposition as claimed (v is chosen to be some b; or
bj + b; and the orthogonal complement is then build up by the vectors by — axb;
where ay, is formed as in (4.6) and so forth). |

Remark 4.4. A well known decomposition of finite Z-modules is the Jordan
decomposition. This decomposition assumes that the bilinear form on the module
is non-degenerate, see e.g. [Scl]. Although we assume that b is non-degenerate
on the lattice L it is not clear (to me) that same holds for L/p'L. However,
it was pointed out to me by the referee that L/p'L, viewed as a discriminant
form, can be described by non-degenerate discriminant forms which in turn can be
decomposed into Jordan blocks. Using this fact, our results of this section could
also be obtained by the Scheithauers results in [Scl] and [Sc2].

Lemma 4.5. Let p be an odd prime, h € Z coprime to p and |l € Z with [ > 0.
Let L be a non-degenerate even lattice of dimension D and {v1,...,vp} a basis
of the (Z/p'Z)— module L/p'L for which L/p'L decomposes into one dimensional
sub modules as described in (4.4) and (4.5). Then

(a)
= (o)) 5 ) o

veL/p'L k=0 vEL/p!L
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where ny, is the number of integers b(v;,v;),i =1,...,d with vy (b(v;,v;)) =k and
b*(vi,v;) is defined as in the proof of Lemma 4.3. The second product in (4.8)
runs over all vectors v; with v,(b(v;,v;)) = k.

Proof. (a)In view of the orthogonal decompositions (4.4) and (4.5) and Lemma 4.2
we obtain for the Gauss sum

h (s~
S 2 g een)

veEL/p'L (z:)E(Z/P'Z

D h ’Up(b(’Uq;ﬂ)i))b* Vi, U; 2CE2
1 s e((p (v, 1)/2) ) (4.9)

i=1 \z€Z/p'Z p

) 5 ()

veEL/p'L

where
ng = [{b(vi,v;), i=1,...,D :v,(b(v;,v;)) = k}|.

(b) Starting with the second expression of (4.9) we obtain

(b* (v;,v;)/2) 2>
Z € pl—vp(b(vi,v,;))

=t ey (4.10)
-1 Ny
n Nk b* Vi, Vi 2
— pln (pkEPZ—k pl*k) H( ( l_k)/ )
k=0 i=1 p

where we have used Lemma 4.2 to evaluate the quadratic Gauss sums on the
left-hand side of (4.10). |

Remark 4.6. I have written a PARI/GP-program to evaluate the formula (4.8)
including the diagonalization of the Gram-matrix of the lattice L in the sense of
Lemma 4.3.

Corollary 4.7. Let L,p,l,h and D as in Lemma 4.5. Further, assume that p is
coprime to the level N of the lattice L. Then

R COR(ORR (CID N

i=1 p

(5 euv)” (<—1;j;ﬁl) E

Proof. It is well known that each prime dividing N also divides the determinant
det(L) of the Gram-matrix, see [Bu|, p. 12. Therefore, all diagonal entries b(v;, v;)
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of the Gram-matrix with respect to an orthogonal decomposition in the sense of
Lemma 4.3 are coprime to p, since det(L) = [, b(vi,v;) (mod p'). Tt follows

i=1
that ngp = D and ng, = 0 for all k = 1,...,l. The formulas (4.7) and (4.8) with
these values for n; lead to the desired result. |

5. Computation of the Fourier expansion

5.1. The Fourier expansion of T(p?)

Let p be an odd prime. We now want to compute the Fourier expansion of T'(p?).

Denote with o € éi;(@) the matrix ((Pgl ?) ,1), with S s the matrix

(75 1) ) vt v e ()0

It is well known that a decomposition of I'(1)al'(1) into left cosets is given by

21—1
Ial(1)=TMau | J J TWE.U |J TO)w (5.1)
s=1 he(Z/psZ)* beZ/p2'7

Proposition 5.1. Let p be an odd prime, | a positive integer and b € Z/p*'Z.
Then the action of vy in the Weil representation can be computed by

ex | v = Z e(=bgq(v))e,. (5.2)

vel
plv=X

Proof. The proof for the case [ = 1 can be found within the proof of The-
orem 14.2.9, p. 106, in [St]. The proof for [ > 1 carries over immediately. |

Theorem 5.2. Let p be an odd prime, s,l positive integers with s < 2l and
h € (Z/p*Z)*. Further, let D = dim(L) and Gps(L) = > cp/per e(—p—hsq(v)).
Then

SO\ )P 2e (—~ 22q(N) Gro(L)ep—on, if 1>,
_ —1,-sD/2, ( h
x |1 Brs = SO DIy |52 e (L2q(N)) G (L) (5.3)
_p. kA i
X p;[: e(b( p,pl))ep, if 1<s,
p°lp=A

where §(\,x) is 1 if A\ € LP" and 0 otherwise.

Remark 5.3. Let m be min(s,1). If A € £LP" then p—lsq()\) = p*™=5q(\/p™) and
p'7ob(\, v) = p!tmsb(\/p™, v) are well defined elements of Q/Z. Therefore, the
formulas of Theorem 5.2 are well defined.
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Proof. The decomposition
— r h s 1 0 _m2l—s
Bh,s = ((t ps>,\/tr+p>a(<p215t 1),\/ P tr+1],

where rp®—ht = 1, can easily be verified. We can choose t to be positive. According
to (3.22)

ex |z Brs =ex L ((;;) VT +p8) L oL Ut (5.4)

For the computation of ex |1 ((} p}é ,/T + p®) we use Shintanis’ formula, [Shin],
Prop. 1.6.,

C ) i - CsE(L)/8E
ol () VIre ) = =0

—p*b(p + u, o+ u) + 26(p + u, A) — rb(A, A
Xzze<p(u p )Qt(u ) — 7b( ))eu.

(5.5)

pneELueL/tL

Using the equation p°r = 1 4+ ht the sum over u can be simplified:

—p*b(p + u, 4+ u) + 2b(p + u, A) — rb(A, A)
> < ; )

uw€EL/tL

= e(=hb(u, A) + hrq(N)) > e(

u€L/tL

—p*b(p — T +2tu, =1+ u)) (5.6)

as can be checked by a straightforward calculation. It is more convenient to replace
the latter sum in (5.6) with a sum over the discriminant group £. Theorem 5.5 of
[Sc2] gives

(dim(L)/2

(Mot o O e
E/Z( ) = el T 2 cAcalf) + e D)

(5.7)

where a € £ and c is a positive integer. Note that in order to apply formula (5.7)
to the sum on the right-hand side of (5.6) one has to use the scaled quadratic form
A= p*q(A). We obtain

. —pb(p + u, e+ u) 4+ 2b(p + £, A) — rb(A, N)
> )

uw€L/tL 2

_ PPN/ iy, n) + hrg(V) > en’ta(0) +p*b(n — A, 0)).
|£(p*)] SEL(p?)

(5.8)
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With the help of (3.21) and Proposition 2.1 we find for the action of 8y, s

(hrq(
ﬁ\ﬁlq\/w 2 ) bl )

pEL veLl
x Y e(pta(8) +p°b(8,—rN) Y e(b(p, —hA +p°5 +p'v))e,
SeL(p?) HEL
e(hrg(A P (5.9)
Stq + b(V, 7p))
- Ve
X Z e(p*tq(8) + p°b(5, —r)))e,
s5eL(p%)

pSd=hr—p'v (mod L)

where we used for the last equation the orthogonality relations of the character
w— e(b(u, p')). Since L(p®) = 1 =L’ and L’/L L' /p*L the last sum of (5.9)
can be written as

1
Z e (pstq(sa) + b(e, —7“)\)> . (5.10)
eel'/p°L p
E:h/\—pll/ (mod L)

Because of the isomorphism (L'/p*L)/(L/p°L) = L the solution of the equation
e = hA—p'v (mod L) is given by hA — p'v + L/p* L. Therefore, the sum in (5.10)
reads as follows

Z (p tq(p1 (v +hX = p'v)) + b(v+ hA — ply, —7"/\)>

veEL/p°L

t
= e(b(h\ — plv, —1))) Z e <psq(v + hA — plu)) . (5.11)

veEL/psL

The Lemma 5.2.1 of [Ba] and Proposition 3.8 of [Sc1] combined with Theorem 5.5
of [Sc2| imply that

Yo (ptsq(v + hX —plu)> 40

veEL/psL
— h\—plve (5.12)

= AefP" and RApT —piTTwerr ", m = min(l, s).
Note that hA € £P" if and only if A\ € £P", which follows from the identity

thA = (rp® — 1)\. Moreover, if m = s, the last condition of (5.12) simplifies to
AELP.
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If hA — plv € £P", the Gauss sum in (5.12) can be written as

e(Zatm-n) ¥ e(Law)

vEL/psL
=€ i 2 — ! 12 2L 14 [ —ﬁ v
- (ps<h 4 — hptb(\, ) + >>) Z/ ( Ly >). (5.13)

Replacing the sum over ¢ in (5.9) with the expressions of (5.11) and (5.13) respec-
tively yields for [ > s

50 s)e(—Lg(0) (L L
\/If\/lﬁi [E; TN =p))e,

o p_SD/2(5()\7S)€ (_;qu()\)> Gh,s(L)epl*S)\' (514)

Similarly, for I < s, because of the slightly more complicated conditions in (5.12),
we obtain
5(>‘ Z)Gh s(
Nl Z S e AP = pv))e,
|‘C ‘ﬁ peEL veLl
h)x/pl—ue[,pSil

5/\lG s
_ IADCABIA 3 0] ey it gty

ﬂ\/w =
x>y e(b(V’,le‘SA/pl—p))ep-

veLr !

By the orthogonality relations of the character v/ + e(b(v/, p*~*\/p! — p)) the
sum over v/ is |£1’SJ\7 if p=*\/p' — p € L.~ and 0 otherwise. The condition
p?=s\/pl —p € L, is equivalent to p*~lp = A, which leads to the desired
expression

SO DG (L)17" le(Lq(N) S elb(—p.hA/p))e .

VIEIZE)] =

s—

P Tlp=A
Theorem 5.4. Let p be an odd prime, | a positive integer and f € My with
ke %Z and the Fourier expansion

= E E c(A, n)e(nt)ex.
XEL nEZAq(N)
n>=0

Further, let G(L) be the Gauss sum e /pep, e(p%q(v)), D = dim(L) and write

Kl(L, S) _ p(2k—2)lp—sD/2p—skGS(L)
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and
KQ(L,S) — p(%_2)lp_SD/2p_3st(L)|ES4|_1.
Then
Fler T =Y > bAn)e(nr)es,
AEL n€ZA+q(N)
n=0
where
2 by l N
o =o0n) e (pt e IR )
)\/Eﬁpl N
n—p*'q(A\/p'+\)€p®'Z
l
s=1
2(l—s) l—s 1
R N—DP q\/p—+ )
. 2. 9<p ' )
N (L) ims
n—p2=) g(A/pt= 4N )ep2 (=97,
_ n2(l—s) A lfs+>\/
xc(A/plSH’,” P p;ﬁ_f)p )+q(/\/pls+>\’)>
2l—1
5 S_l)\lK L 2 R _ s—l/\ s—l)\ 2(s—1)
+ ) TN DK(L, )9 (0% xpm — a(p° T A))e(p® T A p n)
s=Il+1

+c(p'A, p*'n).
(5.15)

Here R = >0 &(s — i)n; with n; defined in Lemma 4.5, 6(\,x) is defined in

Theorem 5.2 and xp = (5)

Remark 5.5. It can be extracted directly from the following proof that the group
(LP") - for s = 1 in (5.15) has to be interpreted as the zero element of £. In
order to have (5.15) as simple as possible we do not specify a separate formula for
the case s = 1.

Proof. Using (5.1) the definition (3.23) yields

(p*) = p'*? (Z(f,\ e a)(ex |z @) (5.16a)
AL
20—1

+3 Y Sk Bus)en | ) (5.16b)

s=1 he(Z/p°Z)* \eL

DD NEAICNPERE B (5.16¢)

beZ/p2 T NEL
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For (5.16b) the formulas of Theorem 5.2 suggest to distinguish between the two
cases s <!l and s > [.

Lemma 4.5 can be applied to the sum G}, s(L) which occurs in the formulas of
Theorem 5.2. We obtain

Gh,s(L) = xp ()G (L). (5.17)

This identity will be used in the following for both of the above mentioned cases.
First, we consider the case s < [.

PR T S (A Ik Brs)(en |1 Brus)

he(Z/psZ)* \eL

— psD/2p(k=2)l sk

x Z S A ( T+h> SO\, s)e (-ZSq(A)> Gha(L)eyi-on

€(Z/psT)* NeL

B s R B p2lfs,n7_
- Kl(L’ S) Z Z c(/\,n)g(p » Xp s T q(A))e p° Epl=s ),

AeLpr® \n€Z+q(N)

where g(p°, Xf’, n—q(\)) is one of the quadratic Gauss sums defined in Lemma 4.1.
By the exact sequence (2.1) applied to LP" every A € LP can be written as
v/p'=% + v/ where v € £ and /€ (LP")i-s. We therefore obtain for the last
expression above

Ki(L,s) Z Z Z c(z//pl_s +v/,n)

veret v'e(LP?) i1 n€L+q(v/ptm+v7)
< g(p* X2, n — qv/p' = +))e(@*"Int)e,

=Ki(Ls) >, > > c(v/p™ + v/ n/p* )

verr' v'e(Lr?) i—s nep2(=9) (Z+q(v/p!=5+v"))

x g(p®, Xp n/p? ) — (v /p' 4+ V))e(nT)e,.
(5.18)

Any n = p*=9) (r+q(v/p'=* +1")) € p?=)(Z+q(v/p'~* +1')) can be understood
as an element of Z+ q(v) where the integer part is given by p?(=*)r 4+ p!=5b(v, ') +
p>=9)g(). Summing over Z + q(v), the last sum of (5.18) can be written as

(L) 30 D, 2

veLr! n€ltq(v) V' e(Lr) ims
n—p?U=9) (1 /pl=" 41/ ) ep21—9)7,

, n—p*=q(v/p= +0)

X ¢ (l//p R 2205 +q(v/p'~* —|—1/)>

_ n2(l—s) l—s /
s r n—p " Vqv/p + V)
X g (p 7X57 p2=s) ) e(nt)e,.
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It remains to treat the case | < s. Theorem 5.2 combined with identity (5.17)
yields

PN S (A [k Bus)(ex |z Bras)

he€(Z/psZ)* \eL

) Y X A (T s e (- Law)

he€(Z/psZ)* \eL

x Y e(b(—o,hA/p)e,
€L
pS’Lg:)\

By a straightforward calculation, using the fact p*~'p = A\, we find
e(p%q()\))e(—b(p, hA/ph)) = e(—p%q()\)). The last expression above can then be
written as

Ky(L,s) > >

Aecet pEL
p°to=A
h(n —q(A s—
D SN I S L e | R
n€Z+q(N) he(Z/pZ)* P

The equation p*~!p = X has a solution if \ € £P"". This is in particular fulfilled
for all A € £P' since | > s — . The set of solutions is given by \/p*~! + L. We
obtain

Ks(L,s) Z Z Z 9", xpn = a(\)e(nt/p* ey et

recpt NEL ps—1 n€Z+q(A

By the exact sequence (2.1) we can write each element of £ as A/p*~! 4+ )\ and
therefore replace the sums over £P' and L~ with a sum over L:

Ky(L,s) Y. S e n)g(t X — q* w))e(nT /p* T )e,
REL n€Z+q(p*~'n)
psfl'ue[lpl

From Lemma 4.1 it can be deduced that the quadratic Gauss sum g(p®, Xf,n
q(p*~'p)) is zero unless p*~1 | (n — q(p*~'p)). Since s — 1 > 2(s —[) this is in
particular satisfied for all n with n—q(p* ') € p*(*~DZ. Taking this into account
we can replace n with p>(*~Ym where m runs through Z + q(p). We obtain

Ko(Los) Y Y e mp® Im)g(, xi, p* 7 (m — q(p))e(mr)e,.
HEL  meZ+q(p)
ps—lueﬁpl
The contributions to the Fourier expansion coming from a and v, can be treated
exactly in the same way as the contributions coming from the corresponding ma-
trices in proof of Theorem 14.2.9 in [St]. |
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The following corollary provides the Fourier expansion of the Hecke opera-
tor T(p?") in the important special case where p is coprime to the level of L. It
generalises Proposition 4.3 and Theorem 4.10 of [BS].

Corollary 5.6. Let p be an odd prime which is coprime to the level N of the
lattice L and 1 € N. Let f € My, 1, with the Fourier expansion

Z Z Je(nT)ey.

NEL nEZ+q(N)
n>=0
Then
Flap TGM) =3 3. bne(nr)ey
AEL n€Z+q(N)
n=0
with

b(\,n) = pF—2le (A/pl noPTAP) ppq( /7) +q(\p ))

l - D
_ . -1 L 2
Y, D<< L] |><p>

s=1
. n_p2(l—s)q(/\/pl—s)

xc (A/p -, ) + q(A/pl‘s)>

2(1—s) l—s (519)
p n—p a(A\/p'7?)
Xg(p Xpa 2(l s)
21—1 D
_ b 1L
e 37 g (L0 (2)
s=Il+1 p P

X c (p‘“_l/\,pz(s_”n) g (P xp n—a(p*~'N)
+c(p'A p?'n).

Here, c(\/p', % +q(N\/pY)) is zero unless n—p*q(\/p') € p21 and accord-
ingly c(\/p'=*, % +q(\/p'=*)) is zero unless n — p* = g(\/p'=*) €

pQ(l—S)Z.

Proof. Since by the assumption (p, N) = 1 and each prime divisor of N is also
one of |£|, p and |L£] are also coprime. Therefore,

L =L
and
Lps = {0}
for all s =1,...,20 — 1. Taking this and the explicit formula (4.11) into account,

the Fourier expansion (5.19) follows immediately from the general expansion in
(5.15). |
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The following corollary shows that the definition of Hecke operators given in
[BS] and the calculated Fourier expansion in Theorem 5.4 is compatible with Hecke
operators for Jacobi forms. Note that we only consider the special case [ = 1 of
Theorem 5.4 since the comparison in the general case is very tedious.

Corollary 5.7. Let k be an integer, m € N. Further, set L = Z with the quadratic
form q(z) = —ma?. The associated bilinear form is b(x,y) = —2maxy. With this
choice of (L,b) one can easily show that L = ﬁZ/Z = Z/2mZ and My_1 /s 1, is
isomorphic to the space Jy n, of Jacobi forms of weight k and index m. Denote
with I the beforehand mentioned isomorphism. Then for all odd primes p and all

€ My_1/2,1 the following identity holds

I(f [k=1/2 T(0*) = (I(f) | T)

where T, denotes the Hecke operator on Ji p,.

Proof. A detailed proof can be found in [St], Bemerkung 14.2.12. |
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