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1 Introduction
Vector-valued modular forms transforming with the Weil representation play a prominent
role in the theory of Borcherds products, see e. g. [3] or [5]: The weakly holomorphic
forms of this type serve as input to the celebrated Borcherds lift, which maps them to
meromorphic modular forms on orthogonal groups whose zeroes and poles are supported
on special divisors and which possess an infinite product expansion. This lift has many
important applications in geometry, algebra and in the theory of Lie algebras. Since their
prominent appearance in the works of Borcherds and Bruinier, a lot of research regarding
this type of modular forms has been done. Among other things, a theory of newforms has
been developed [6]. In [9] the foundations of a theory of Hecke operators was laid. The
Fourier coefficients of Eisenstein series were calculated in [8] and the analytic properties
of their non-holomorphic versions were studied in detail in [27]. Also, several relations
between these modular forms and scalar-valued modular forms have been established
(see e. g. [25]). One important part of the theory of modular forms that has not yet been
addressed (to the best of my knowledge) is their relation to L-functions. We can find in
the literature several ways to associate an L-function to a modular form (see e. g. [2,4,21]).
Such L-functions are central objects in number theory and are studied extensively in
several aspects, among them their analytic properties. The present paper can be seen
© The Author(s) 2022. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by

statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view
a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40993-022-00368-z&domain=pdf
http://orcid.org/0000-0002-6665-1039
http://creativecommons.org/licenses/by/4.0/

86

Page 2 of 27 O. Stein Res. Number Theory(2022)8:86

as a contribution to these investigations. Its main objective is to examine the analytic
properties of a certain L-function of a vector-valued Hecke eigenform. The results of
this paper, in particular the analytic properties of the considered L-function, have some
important applications. For instance, they can be employed to generalize the currently
existing results on the surjectivity of the Borcherds lift and the injectivity of the Kudla-
Millson theta lift along the lines of [7]. As an interesting application, it should be possible
to generalize classification results on reflective modular forms using the Jacobi forms
approach as discussed in [28]. This is subject of a forthcoming paper by the author.

To describe the main results more closely, we introduce some notation (see Section 2 for
more details). Let L be a non-degenerate even lattice of type (b, b~) and level N, equipped
with a bilinear form and associated quadratic form g. By L’ we denote the dual lattice of
L. We assume further that the rank and the signature sig(L) = b™ — b~ of L is even. The
Weil representation py,; associated to L is a unitary representation of I'; = SLy(Z) on the
group ring C[L'/L],

pr1: 1 — GL(CIL'/L)).

For reasons which will become apparent later we need a more general Weil representation
pLn of the symplectic group I'), = Sp,,(Z) on the group ring C[(L’/L)"] (cf. Definition 3.1
in Sect. 3).

Now let [ € Z be even. A holomorphic function f : H — C is called a vector-valued
modular form of weight / and type pz,1 for the group I'; if

flyt) = (et +d) pra(y)f(v)

forally = (‘C’ Z) € I', and f is holomorphic at the cusp co. The space of all such functions
is denoted with M;(pr,1). For the subspace of cusp forms we write S;(py,1). For the details
see Sect. 4.

As already mentioned above, in [9] a Hecke operator T'(M) for M € GL;r (Q) was
introduced by the action of a suitable Hecke algebra. Based on this definition, it is possible
to recover the main results of the classical Hecke theory. In particular, it is proved that
Si(pL,1) possesses a basis of common Hecke eigenforms of all Hecke operators T (%2 (1))
for all d € N coprime to the level N of L. For such an eigenform we have

f i T(49) = ra(f)f

for (d, N) = 1. The authors in [9] proposed to associate to f an L-function of the form

NG )= D ralf)d.
@1
L-functions of this type were considered in many places in the literature (cf. for example
[2], [1] or [4]). It was suggested in [9] to establish the usual analytic properties, that is,
the meromorphic continuation to the whole complex s-plane and a functional equation
of LN (s, f) by means of a variant of the doubling method ([2], [13] or [21]). This was the
starting point of the present paper. Its main content is the proof of the meromorphic
continuation and a functional equation of a modified version of L (s, ).

More precisely, we assume that there is a common Hecke eigenform f for all Hecke
operators T (‘7102 (1’), d € N. This assumption is justified if a multiplicity one theorem (see
e.g. [18],§4.6) is in place. The question under what conditions such a theorem for vector-
valued modular forms for the Weil representation holds was investigated in [30]. It turns
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out that a multiplicity one theorem is valid if the Weil representation decomposes into
irreducible subrepresentations, each subrepresentation occurring with multiplicity one.
In Remark 6.1 we discuss in more detail under what circumstances py,; allows such a
decomposition. Under these assumptions we assign to f the L-function
Z(sf) =Y ralf)d", (1.1)
deN
which we call according to [1] a standard zeta function.

To study the analytic properties of (1.1), we develop a doubling method along the lines
of [2] and [13], tailored to the vector-valued setting. Note that there are papers addressing
this topic for vector-valued Siegel modular forms [14,15]. However, our approach deals
with pr,1 as representation requiring methods specifically adapted to this representation,
causing several technical difficulties along the way. By restriction to the diagonal, the
doubling method connects a Siegel Eisenstein series of genus # 4 m with Siegel Eisenstein
series of genus # and m and certain Poincaré series. In our setting we obtain the following
pullback formula:

Theorem 1.1 Let d € Z be a positive integer, D = (g d91 ) and Ef(’)‘ be as in Definition
4.3. Then forallt,; € H
2 0
Eg((5¢):9)

B9 @ E g + SO 5 a)

IL/LI 2 g(L)

A5 P (—1,¢,D,5).

Here Efg is the non-holomorphic vector-valued Siegel Eisenstein series of type pj ,,
@2’ means a certain vector-valued Poincaré series attached to the discriminant form
(L'/L)? (analogous to the Poincaré series in [2] - see Defitinition 4.8) and Egg is the non-
holomorphic vector-valued Eisenstein series of type pj ;, where p; , denotes the dual
representation of py ,,. Finally, g;(L) is a Gauss sum associated to the quadratic form g on
L defined by

gl)= Y eldg(n)
pel’/L
and g(L) = g1 (L).

Based on this theorem, Theorems 4.10 and 6.2, we are able to calculate a Rankin—
Selberg type integral depending on the Siegel Eisenstein series El%o and an eigenform f
and to thereby express it in terms of Z(s, f) along the lines of [7] (see Theorem 6.4 for
details). The analytic properties of Efo with respect to s can then be transferred to Z(s, f).
Note that for the Siegel Eisenstein series E}) of genus # and type pz, these properties
were established in [27]. The functional equation for E}), is rather complicated. Corollary
4.6 specializes it to the case n = 2, leading to a quite clean formula.

We finish this section with an overview of the subsequent sections: After some notations
and preliminaries, we introduce in Sect. 3 the Weil representation pr,, for the Siegel
modular group Sp,,(Z). We prove several relations between py, 5 and py,1, which are vital
for the pullback formula above. The following section deals with vector-valued Siegel
modular forms with respect to py, ,, the Eisenstein series EZO and certain vector-valued
Poincaré series, the main ingredients of the above stated formulas. After some general
remarks, we switch to the case » = 1 and give a brief account to Hecke operators and
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d
0

to the level N. The second part of this section defines and studies the Eisenstein series E}{.

explain how to extend their definition to double cosets I'; ( d91 ) I'; if d is not coprime
In particular, we prove a functional equation for 7 = 2 and explain how to assign to E}',
a value on the Siegel lower half space, which is a necessary technical detail to deduce the
main theorems of the paper. Finally, two vector-valued Poincaré series are introduced,
one of them analogous to a series introduced in [2], the other related to the first. The
main results here are the reproducing formulas in Theorem 4.10. In Sect. 5 we derive the
Garrett—Bocherer pullback formula in our setting. The proof follows the one of [13]. In
each relevant step the corresponding calculations for p; > have to be included, causing
several technical difficulties. The last section then collects all results established before
and presents the desired analytic properties of Z(s, f).

2 Notation and preliminaries

We use the symbol e(x), x € C, as an abbreviation for e*"*. As usual, by Z we mean the
conjugate complex number of z. In this paper, #, m are always natural numbers. For any
ring R, My, »(R), R” and Sym,,(R) are the set of m x n matrices, the set of row vectors
of size n and the set of symmetric matrices in M, ,(R). We write 1,, and 0, for the unit
matrix and zero matrix of size n, respectively. Moreover, by A* and tr(4) we denote the
transposed matrix and the trace of A. Also, for any matrix S € Sym, (R) we write S > 0
(resp. S > 0) if S is positive definite (resp. positive semi-definite). By Sp,, we denote the
symplectic group of genus n. We use the symbol I',, for Sp,,(Z). In particular, we have
't =SLy(Z). For N € N

I'y(N)={y ey | y =1, mod N}

is the principal congruence subgroup of I';,. The subgroups
b1 b dy d
Por={(e8) etula=(a8).0=(00) c=(59). a=(42)]. @
where 0 < r < mand x; € M,,,(Z), %3 € My,,—(Z), %3 € My_p,+(Z), and x4 € My_;.;,—r(Z)

are part of the definition of Siegel Eisenstein series. As special cases we have I'y,,, = T'y,
and

Tpo={(%%) €Tulc=0,}. (2.2)

Later on, we will use the symbol I', for I'yo.
Further, by I'1 (2 d(;l ) we mean the subgroup

o 0d! 0d!
rl(Sldo )=<d 0>F1<d 0 Nl

where d is a positive integer. Note that I'; (2 d(;l ) is isomorphic to
-1
Ty(d) = (ﬁd‘ll) r, (g d‘il) nr; (2.3)

and as a consequence, I'; (2 d(;l ) \I'1 Z T'1(d)\I'1. The isomorphism is given by

vy =280 (2.4)

It is immediate that £ is an involution.
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The group I', x I';; can be embedded into I'y,1,,; by the map
a0bo

ab\ (dV 04 00
: r | . , = . 2.5
b * Lm X Ly = Lyntm lmn ((C d) (C/ d,)) c0do (2.5)

ocod

Via t,,,,, we can embed I');, and 'y, into ['y4:

T
ab ab ab 10
T = T (C d) = (C d) = lmn ((C d), (0 1)); (2.6)
|
by — Fn—i—m; (z Z) g (Z z) = lum (((1) (1)) s ((Z Z)) . (2~7)

Denote with H, = {t € M,,,(C) | ¥ =  and Im(z) > 0} the Siegel upper half space
of genus . It is well known that the group I',, acts on Hj, by

(€)oo

If n = 1, H,, = H; specializes to the usual upper half plane H. Moreover, H x H can be
embedded into Hl by

(t1, ) > (Tl 0>'
01

Letg/,g = (‘c’ Z) € Sp,(R) and 7 € H,,. In order to define Siegel modular forms, we also
need an automorphy factor j,: We set

jn(g 1) = det(ct + d).
The automorphy factor satisfies the usual cocycle relation
Jn(gg’, ) = ju(g & T)jn(g’, 7).
According to [12], Satz 1.4, we have the following identity
Im(gt) = (ct +d) ' Im(r)(ct + d) %,
which yields
det(Im(g7)) = |j(g 7)| "% det(Im(z)). (2.8)
For later purposes we introduce the function
W () = w7 (2.9)

and denote with |A| the order of any finite set A. As usual, we utilize the symbol (c, d) for
the greatest common divisor of the integers ¢ and d.

3 The Weil representation

In this section we introduce a finite dimensional representation py , of the symplectic
modular group I',. It is isomorphic to a subrepresentation of the Weil representation (see
e. g. [27], Sect. 3.3) as defined originally in [29]. We then specialize to the cases of n = 2
and n = 1 and study some relations between pr 2 and py,1, which will be crucial for the
Garret-Bocherer decomposition of the vector-valued Siegel Eisenstein series Efo.



86

Page 6 of 27 O. Stein Res. Number Theory(2022)8:86

The following notation will be used this way throughout the whole paper: Let L be a
lattice of rank m equipped with a symmetric Z-valued bilinear form (-, -) such that the
associated quadratic form

1
qlx) = E(x, x), x€l,

takes values in Z. We assume that m is even, L is non-degenerate and denote its type by
(b, b™) and its signature b+ — b~ by sig(L). Note that sig(L) is also even. We stick with
these assumptions on L for the rest of this paper unless we state it otherwise. Further, let

LI'={xeV=L®Q| Ky cZ forall yel}

be the dual lattice of L. Since L C L/, the elementary divisor theorem implies that L'/L is
a finite group. The modulo 1 reduction of both, the bilinear form (-, -) and the associated
quadratic form g, defines a Q/Z-valued bilinear form (-, -) with corresponding Q/Z-valued
quadratic form g on L’ /L. For any two elements u, v € (L'/L)" we define

(o v) = (i v7))ij € Sym, (Q),

1 (3.1)
Qul = E(M; w) € Sym,,(Q).
It can be easily verified that
n
tr(u, v) = Z(Mz‘, v;) (3.2)
i=1
defines a Q/Z-valued bilinear form on (L' /L)" with associated quadratic form
1 n
tr(QLul) = 5 3 a(m). (3.3)
i=1

We call ((L'/L)", tr(u, v)) a finite quadratic module or a discriminant form. Furthermore,

we call the discriminant form (L'/L, (-, -)) anisotropic, if g(i) = 0 holds only for i = 0.
The Weil representation py, , is arepresentation on the group ring C[(L’/L)"]. We denote

its standard basis by {e3},.¢(z//z)"- The standard scalar product on C[(L'/L)"] is given by

< Z a)e), Z bkex> = Z ﬂ)LE. (3.4)

re( /L) re( /L) a  Ae/Ln

As T, is generated by the matrices

0 1, (1. b
Sn= <1n 0 ): Tn(b) = (0 ln): (3‘5)

where b € Sym, (Z), it is sufficient to define py,,, by the action on these generators. Note
that we will use these symbols in the case n = 1 without the subscript n. Clearly, T'(b) is

11
equal to T? in this case, where T is the matrix (0 1) eI;.

Definition 3.1 The representation py,, of I';, on C[(L'/L)"], defined by

pLn(Tn(b))e,. = e(tr(bQ[A]))es,

(— ) (3.6)
PLa(Sy))en = W Z e(—tr(u, A))ey,
e /Ly

is called Weil representation.
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Remark 3.2 (1) The action of

a 0
my(a) = (0 (al)t) el (3.7)

with a € GL,(Z) via the Weil representation will be needed later on. It is given by
oLn(my(a))e, = xv(det(a)le; ,-1, (3.8)

where xv (det(a)) = det(a)s8)/2, see [31], Def. 2.2. For further details, e. g.regarding
the connection of py , to the Weil representation in [29], see [31] or [27], p. 10.

(i) We denote by N the level of the lattice L. It is the smallest positive integer such
that Ng(A) € Z for all A € L. One can prove that the Weil representation py,, is
trivial on I',(N), the principal congruence subgroup of level N, cf. [23], Theorem
2.4. Therefore, py,, factors through the finite group

I/Tu(N) = Sp,(Z/NZ).

(iii) We denote by p;, the dual representation of pi,,. Since the Weil representa-
tion is unitary, we obtain p}, from pr, just by replacing the quadratic module
(/)" te(-, -)) with ((L’/L)", — tr(-, -)). Therefore, any result involving pr,, carries
over to pj . Since pf,, is unitary with respect to (, -), its dual representation pj , is
equal to the complex conjugate of py, , (interpreted as matrices), that is,

PLn(®) = p14(@) = PLn(e)
for all g € I'y.. In particular,

pltn(g)e)\ = Z (ex pz,n(g)eli>neu = Z (en IOL,Vl(g)elJneli‘

we(’ /Ly mel /Ly

(iv) There is an isomorphism on I';;:
ye7=( ) (L) (3.9)

For the generators of I',, we have
Sy =S, and T,(b) = T,(b)"".

Since the map (3.9) is an isomorphism, it follows immediately that

pLa(@)er = ppa(v) = pi,(v) (3.10)

for any y € I',, where the last equation is due to part iii) of this remark.
We now concentrate on the special cases n = 1 and n = 2. It is well known that py >
and py,1 are closely related. To describe this relation more explicitly for some elements

of I'y;, we first recall some facts from [10], p. 647 and [26], Sect. 5, which relate the group
rings C[(L'/L)?] and C[L’/L] and as a consequence pz > and pz,1: The map

CI(L'/L)] — CIL' /LI @ CIL'/L],  e(uu) > e ® ¢y (3.11)

defines an isomorphism, which induces an isomorphism of the representations pr 2 and
oL1 ® pr1. It is also a known fact that we can equip C[L'/L] ® C[L’/L] with an inner
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product by
(e)hl ® eﬂl’ e)»z & e,le)Z = (e)»ll ekz)l : (e;,Ll’ e;l,z)l' (312)

It is then easily checked that the scalar product (3.12) coincides with (3.4) and the map
(3.11) becomes an isometry.

Finally, note that C[L’/L] can be embedded into C[L’/L] ® C[L’/L] and therefore into
C[(L'/L)?] via the map

e, = ¢, Qe (3.13)

The image of C[L’/L] with respect to this map is isomorphic to C[L"/L].
Using the formulas in (3.6) and the isomorphism (3.11), we can express pr» on the

generators of I'y explicitly in terms of py ;.

Lemma 3.3 We have the following relation between pr9 and pr,1 on the generators of I'y
and I'y, respectively:

PL2(82)e0 ) = o1,1(S)ex; ® pr,1(S)ex,

a0 B ” ) (3.14)
pL,Z(TZ 0 ay )e(kl,kz) - pL(T )2)\1 ® IOL(T )eA,Z)

where (“1 0 ) € Sym,(Z). Clearly, an analogous formula holds for .5'2_1.

0 ay

Proof These identities can be checked by a straightforward computation involving the
formulas (3.6) for » = 2 and n = 1 and the isomorphism (3.11). O

The results of the next lemma will be crucial in the proof of a Garret-Bocherer decompo-
sition of the Siegel Eisenstein series Efo. By identifying C[(L’/L)?] with C[L' /L] ® C[L'/L]
they provide formulas that link pz»(y 1) and pz»(y ¥) with pz1(y).

Lemma 3.4 The following formulas for the Weil representation py o hold:

(i) pL2(SNe ) = PL1(S)en, ® ey (3.15)
PL2(SY)e0in) = &y ® p1,1(S)ess (3.16)
pL2(T N1, = pr1(T)er, ® ey (3.17)

and
PL2(T e, 00 = 1 ® pr,1(T)es,. (3.18)

(ii) Foranyy € SLy(Z) we have

oL2(¥ ey = oL(y)en, ® e, (3.19)

and
PL2(Y Ve = 6 @ pL(Y) e, (3.20)

Proof (i) For arbitrary a € Sym,(Z) we use the notation

Us(a) = (12 0) el (3.21)
a
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One can easily verify the decomposition

ST = Uy (b) Ty (—b) Uy (b) and
SV = U (0) Ta(—c)Us(c),

where b = (}9) and ¢ = ($9). The matrix U(a) can be written as a product of the
generators (3.5)

(@) = $T>(~a)S; !
and therefore
St = 3 To(=b)S;  To(—=b)S2 Ta(=b)Sy Y, SY = $2Ta(—¢)Sy ! Ta(—c)S2 Ta(—¢)S; .

If we employ the identities (3.14) successively for all constituents of the decompo-
sitions above, (3.6) applied to T>(—b) and To(—c), and the bilinearity of the tensor
product, we may transfer the evaluation of p75(S") to the evaluation of p7,; on the
corresponding elements in I';:

pLa(SNeGyn) = pLAST IS TITIST IS ey, ® pr,1(SST1SS™ e, -
= pp1(STISTITIST IS ey, @ 65, '

and accordingly

PL2(SV) ey = PL1SSTESS™es, ® pr (ST ST TIST IS ey, (3.23)
= ¢, ® o1 (ST IS T IST IS ey, '

We can further simplify the expressions above by means of [17], Lemma 4.6. It states
for integers 4, d satisfying ad = 1 mod N that

pLa(STs 1 TesT e, = 840
{09
where
g(l) =Y eldg(r) (3.24)

rel'/L

is a Gauss sum (explaining the notation g;) attached to the quadratic form ¢ and
g(L) = g1(L). If we apply this result for a = d = —1, we obtain

e sig(L)
8 _1(L
prA(ST IS TIST s e, = u 3 el ¥ i )e,u,

N g0

By Milgram’s formula,
g(L) = IL'/Lle(sig(L)/8),
we have
_1(L
elsigL)/8) 1) — o(— siglL)/8),

g(l)
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which implies
pLA(STISTITIST IS e, = pri(S)es

The identities (3.17) and (3.18) are due to Lemma 3.3 and the fact that
T = Ty(b) and T = T>(c),

where b, c have same meaning as before in the proof.
(ii) This follows easily from the fact that the embeddings (2.6) and (2.7) are group homo-
morphisms combined with the corresponding formulas for the generators S and T
of I'y.
O

We end this section with the evaluation of the Weil representation py 2 on the element
Uy (D) € I'y, where D is equal to (2 ‘é ) and d is a positive integer. This evaluation will also
contribute to the proof of a Garret-Bocherer decomposition of the Siegel Eisenstein series

2
Ej-

Lemma3.5 Letd e N,D = (2 ‘(1)) € Sym,(Z) and U,(D) € 'y defined as in (3.21).
Then

P12 (Ua(D))es, ® e, = 2. elli ke = Ve @ e (3.25)

1
/
IL /L| wveL' /L

Proof Clearly, Uy(D)™! = Uy(—D) = S, T>(D)S, LA straightforward calculation using
Lemma 3.3 and (3.6) yields

pL2(Ux(=D))ey, ® ey,

: Yo ) elluara—w)) Y ellundpg + i —v))ey, ® ey,

/L
vi,ve€Ll’ /L ug€el’ /L el /L

The sum over 1 is equal to |[L'/L| if vi = duy + A1 and 0 otherwise. Hence,

_ 1
psz(Ug(D) I)QM ®exn, = m Z Z e((ma Ao — VZ))eduer)q & ey,
va€L' /L ugel’ /L

as claimed. O

4 Vector-valued Siegel modular forms and Eisenstein series

One major goal of the present paper is to study the analytic properties of the standard
zeta function of a certain vector-valued modular form of type pz,; (a common eigen-
form of all Hecke operators T (#2)). The main tool in this regard is the Garret-Bocherer
decomposition of a non-holomorphic vector-valued Siegel Eisenstein series Efo. In this
section we provide the necessary background to prove the Garret-Bécherer decomposi-
tion and to define and study the aforementioned standard zeta function. To this end, we
collect some facts about vector-valued Siegel modular forms of type py,, and introduce
the non-holomorphic vector-valued Siegel Eisenstein series Ej|) transforming with oz,
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which plays a key role in determining the analytic properties of the standard zeta func-

tion. As a matter of fact, the zeta function inherits these properties from E120' which is the

reason we state and discuss them in some detail in this section. We follow [31] and [27].

4.1 Vector-valued Siegel modular forms of type p;,,
Let! € Z. For f : H, —> C[(L'/L)"] and g € T',, we define the usual Petersson slash
operator by

(f 17, @) = jul@g ) (@)~ f (D).

The Petersson slash operator applied to the dual Weil representation p; , will be denoted
with |/7. For n = 1 we drop the superscript and subscript 7 and simply write j(g 7), ;1 or
e

Definition 4.1 Let ! € Z. A function f : H,, —> C[(L'/L)"] is called a Siegel modular
form of weight [ with respect to I',, and p 5, if

i) f is holomorphic on H,,

ii) f I}, g=/f forallg e Ty,
iii) f has a Fourier expansion of the form

f@= > > a(t+QDeltr((t + QIANT))ez, (4.1)
AE(L' /LY teAy,
t+Q[r]>0

where A, is the set of half-integral (n x n)-matrices.

We denote the space of these modular forms with M;(por,,). Note that the vanishing
condition on the Fourier coefficients iii) is automatically fulfilled for » > 2 by the Koecher
principle. Moreover, if a(A, ¢ + Q[A]) = O forallt € A, witht+ Q[A] = 0, then f is called
a cusp form. We use the notation S;(pr,,) for the subspace of all cusp forms.

Remark 4.2 (i) We could have defined the modular forms in Definition 4.1 also for half
integral weight /. The following argument shows that M;(pz,,,) = {0} if the condition

2/ = sig(L) mod 2 (4.2)

is not satisfied. For e, = diag(—1,1,...,1) € GL,(Z) and f € M;(pr,,) by (3.8) we
have

@) = (1}, malen))(@) = (=1) 7 (—1) 8/ 2f (7)

for all T € H,,, where m,(e,) is given by (3.7). Thus 2/ and sig(L) must either be both
even or odd if f is a non-trivial form in M;(pr,,). Since we have assumed that the
rank of L is even, so is the signature sig(L) and therefore there are only non-trivial
integral weight modular forms.

(ii) Since pr,y is trivial on I',(N), it follows directly from Definition 4.1 that the com-
ponent functions fy of f = >, 1/ sy Jrex are Siegel modular forms of weight / for
u(N).
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4.1.1 Petersson scalar product and Hecke operators
For f, g € M;(pL ), one of which is a cusp form, we define the Petersson scalar product of
f and g analogously to [5], Sect. 1.2.2., by

(£ = {f (1), g(1))u det(Im(r)) dpa,(r). (4.3)

I, \H,

Here d1,,(t) = det(y) ™" Ldxdy with T = x + iy is the usual symplectic volume element
and (-, -}, is given in (3.4). If n = 1, we omit the subscript n. The same arguments as in [5]
show that the integral (4.3) is well-defined.

Let D = (0 i 1), D = ( ) and R; = ( ) We now briefly describe the definition
of Hecke operators T(D') and T(D) on M;(pr,1) (to the best of my knowledge there is no
theory of Hecke operators for M;(py,,) known, although it might be developed in a similar
manner). We follow [9]. All details can be found therein. According to our assumptions
on L, we only need to consider the case of even signature. Recall that N is the level of L.
We have to distinguish between the cases (d, N) = 1 and (4, N) > 1.

Let

GIN)={M € GL] (Q)| 3n € Z with (5, N) = 1 such that nM € M(Z)

(4.4)
and (det(nM), N) = 1}‘
If d is coprime to N, (D, 1) and (D', d) belong to the group
ON) = {(M,r) € GIN) x (Z/NZ)*| det(M) = > (mod N)}. (4.5)

We identify I'; with a subgroup of Q(N) via the map y > (y, 1). In [9] an extension of
pi1 to the group Q(N) is introduced. The condition that the determinant of any element
of this group is coprime to the level is crucial. Based on this extension, we now define
Hecke operators in terms of the Hecke algebra given by the pair of groups (Q(N), I'1). For
any (g r) € Q(N) and f € M;(pr,1) we set
[l Tr) =det@>™" > fl M), (4.6)
Mel'\I'igl
Instead of T(D, 1) and T(D/, d) we write T'(D) and T(D'), respectively. Taking [9], (3.5),
into account, it can be easily verified that py,1(D) and py,1(D’) are connected via

/ (L)
pL1(D) = prLi(Ra)pLa(D) = £ pr 1 (D). (7)
g(L)
This immediately yields a relation between T'(D) and T(D’):
gL .
T(D) = =——T(D’). (4.8)
g(L)
Replacing py,1 with its dual representation gives the corresponding relation
L
7o) = ¥ 1), (4.9)
reo)

If (d, N) > 1, D and D’ do not belong to Q(N) and the Weil representation cannot be
extended to a suitable subgroup of GL;r (Q) as before. However, it can be extended to the
double coset I'1 D'T; in the following way ([9], Sect. 5):

pr1(D)es = eas (4.10)
and for § = yD'y’ € I'1D'T'; we put

pr1®)er = pr1 (Yo (D VoL (e (4.11)
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Note that (4.10) is compatible with the definition of p; ; in the case of (d, N) = 1 (see [9],
Lemma 3.6). It can be shown (see [9], Sect. 5) that (4.11) is independent of the decompo-
sition of 8. With these definitions in mind, we define the Hecke operator T(D’) exactly as
in (4.6). In order to define the operator T'(D), we set in consistency with [9], (3.5)

1 84(L) g(L)
R = d R = =—=e). 4.12
pr1 (Ra)es <) ey and pp,1(Ry)ex gd(L)ek (4.12)
Accordingly, we define
-1 gL) _y.., ga(L)
D)ey = =—— D = =——¢y. 4.13
:OLJ( )es <L) ;Ole( )es <) €d ( )
Since the p[ll (D) and p; | (D') differ just by a constant factor,
-1 / gd(L) -1 ’o7
pr1(yDy)==—"=p; 1 (yD'y") (4.14)
L1 g(L) L1
together with (4.11) defines an action of the double coset I'1 DI'y. Again, we find that the
relation (4.8) holds.

Finally, note that the analogous identity to (5.5) in [9] also holds for D. It can easily be
confirmed that

(b, py1 (D)a)1 = (o (D™ 1)b, a)y (4.15)

foranya, b € C[L'/L].

If d is coprime to N, one can show that é(% is real and thus T'(D) is self-adjoint with
respect to (-, -)1. If (d, N) > 1, itis in general not true that ggd(% is a real number. In fact, it
can be shown that it is an 8-th root of unity (see [24], Sect. 3, for these assertions). In this

case, in light of [9], Theorem 5.6, we may only conclude that

(£ g Iy T(D)1 = ka(f |y T(D), g1 (4.16)
holds, where
_ &) gald)
84(L) g(L)
In both cases T'(D) preservers the space S;(por,1).

4.2 Vector-valued Eisenstein series
Eisenstein series and Poincaré series are important examples of the vector-valued Siegel
modular forms in Definition 4.1. In this subsection we introduce non-holomorphic ver-
sions of these series and study the analytic properties of the real-analytic Eisenstein series
EJ, for I, transforming with pz, .

Definition 4.3 Let [ € 27, | > n + 1, satisfy the condition 2/ + sig(L) = 0 mod 4. For
7 € H, and s € C we define by

Ejp(ms)= ) det(m(r) e [}y y
y€lo\l'n

=detm(7) > liuly, O july, ) opn ()0,
Y€\l

(4.17)

a vector-valued non-holomorphic Siegel Eisenstein series of weight / transforming with

PLn-
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Remark 4.4 (i) From the formulas (3.6), (3.8) and the assumption 2/ = — sig(L) mod 4
follows that det(Im(t))%¢eq is I';,0-invariant with respect to the slash operator.

(ii) From [27], Lemma 3.14, it follows that EZO(‘E, s) converges absolutely for all T € H,
and all s € C with Re(s) > %H The usual argument then shows that EZO is, with
respect to |;7, a [',-invariant real-analytic function. In particular for [ > n + 1,
T EZ’O(I, 0) is a vector-valued Siegel modular form in M;(py, ;).

(iii) Although EZ’O is defined on Hi,,, we can also assign to EZ’O(—‘L'), 7 € H,;, a meaningful
value: To this end, let £/§ be the Eisenstein series in Definition 4.3 with respect to
the dual Weil representation p; . Then, since y + ¥ is an isomorphism preserving
I'),0, we have that

Ef3(t,9) =detm(x))* D 1n® O i@ 1) 0, Peo
yern,O\Fn
where ¥ is given by (3.9). Clearly, j,(¥, t) = ju(y, —t) and by Remark 3.2, iv),
Pi ) = pLa().
Therefore, we put

El(=7,5) = (=1)")" E/;(t, 5) and

(4.18)
El(®s) = (1)) EJi (=%, 9).
With the same arguments
ElN(—1,8) = (1)")°E],(z, s) and
1 (—1,8) = (1)"YEf(x, 8) o)

Ej3(@,5) = (1)"VE}y(-T, s)

is justified.

The analytic properties of E 1o With respect to s were investigated in [27]. The functional
equation of EZO for general # is quite complicated, yet for n = 2 it is much simpler and
quite clean. To avoid the summary of the extensive notation in [27], we refer for the most
part to [27] and content ourselves with the recapitulation of as much material as needed to
understand the statement of the analytic properties of £}}. (Note that there is a misprint
in [27] regarding the set

{Uil’--«)id}k’ 0§i1<i2<~‘-<id§k—1

Incorrectly, 7 is given there as the upper bound for the indices i;. Whenever the indices i
appear in the original paper, # should be replaced by k — 1 as the upper bound for i;.)

Afterwards, we specialize to the case of n = 2 and present the corresponding result and
proof for Efo.

We start with the notation which is needed for the transformation behaviour regarding
the primes p dividing |L'/L|: By S,, we mean the symmetric group actingon/ = {1, ..., n}
and o is an element of S,,. Moreover, I = Iy U - - - U I; denotes a partition of I into disjoint
o -stable subsets. Depending on o and 0 < r < s we have the basic quantities

c(0) =i €l |o(i) =i}l

(4.20)
cr(o)=Hiel | o) > i}l
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They are part of several further quantities. We list here two of them: for a positive integer
k < nwe put

i—1
1
Ailo) = Z(ECU(U) +c2j(0)), Bi(o) =-mAi(c) +n0)—n(@), i=1,...,k
j=0
(4.21)
where #n(0) and n(i) are integers depending on ¢ and which are specified in [27], (3.38).
The terms in (4.21) appear as argument of the local zeta function

Gpls) =(1—p~*) 7"

Dpi(s) = & (4Aj(c7)(s —89) — 231'(0)) (4.22)
withso = 5 — "T“ Apart from these local zeta functions the two quantities

kp(o, 1 k) and Ay(o, g, k)
contribute to the functional equation of EZO. For their definition we refer to [27], p. 184.
Note that the parameter k in the symbol A, (o, g, k) is missing in [27], which could give
the impression that it does not depend on this parameter. This is in fact not the case and
the reason why we add it here.

Now we consider the contribution of the primes to the functional equation coprime to
|L’/L|. These primes are collected in the set P = {g prime | g { |L'/L|}. For each such
prime we put

[

NI

n 1
Anp(s) = Lp(s — PRIt xvp) | | ¢p(2s — n + 2k),
k=1 (4.23)
w1 (3]
Bup(s) = Ly(s + o xvp) [ [ ¢p(2s +n— 2k + 1),
k=1
and form the products
ab(s) = [Janp(s)  B5s) =[] bup(s). w2
pPEP peP

Here L, (s, xv;p)) means thelocal L-function given by (1— xv,,(p)p~*) and xv;,, isa character
given by the local Hilbert symbol (see e. g. [27], Lemma 3.4. for the details). The constant
&(s, n, k, P) then gathers the contribution of the places belonging to the primes p € P and
the archimedian place:

n(n+1)

(D220 1) bl

|L//L|n/2 Fn(a)rn(ﬂ) b{,,)(s)’
where o = %(s + "TH +[)and 8 = %(s + ”—;“1 — [) and I'y(s) is the Gamma function of
degree n (see e. g. [2], p. 152).

E(,mkP)= (4.25)

We are now ready to state the analytic properties of Ej,.

Theorem 4.5 [27, Theorem 3.16] Let E}\(t, s) be the Eisenstein series as in Definition
4.3 with respect to py,,. Then El”o(r, s) has a meromorphic continuation in s to the whole

complex plane. If L' /L is anisotropic and |L' /L| odd, it satisfies the functional equation
n+1
b P) [T D2 w0, 10080, 4.4)

pIIL' /L) (o,Lk)

k !

)
Ejy(t,s — E) =£(2s —

(4.26)

X (Dp,j(25 — pn) — 1)EZ’0(1:, On—58— =)

2

j=1
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where o runs over all elements in S, with 0> = id, Iy U - - - U I, over all o -stable decom-
positions of I and k from zero to s + 1. In this formula we interpret any occurring sum or
product with lower index bigger than the upper index to be zero or one, respectively.

Asa corollary we phrase now the corresponding theorem for the case » = 2. To this end,
we introduce some quantities, which comprise the contribution of the primes p dividing
|L’/L|: We write Sy = {id, o'} and use the symbol Ij in two ways. On the one hand, it means
Ip = {1, 2} if the partition of I consists only of Iy. On the other hand, it means Iy = {1}
if the partition of I is of the form I = Iy UI; = {1} U {2}. Further, by (L'/L), we mean
the p-component of L' /L. For t € S,, any (r-stable) decomposition I’ of I = {1, 2} and
k € {0, 1, 2} we give explicit expressions for

k
3
Kp(r, 1, k) = ip(r, I, k) Ap (T, 4, k) | [(Dp (25 — Rk (4.27)
j=1
. 1—p )t
I(p(ld, 10, 0) = 1_—17_3,
-1 1— —1\3
Ky(id, Ip U I, 0) = ‘%, (4.28)
-2 —1\2
p(1—p)
I(p(O’, 1(), O) = 1_—17_3

For k = 1 and k = 2 we have to distinguish the cases (L' /L), = (Z /pZ)? and (L' /L)y =
7./pZ.In the latter case we have K,(z, I', k) = 0 for all listed quantities in (4.29). Therefore,
the following identities hold only for (L'/L), = (Z/ p7)>.

Kpy(id, o, 1) = 2(1 — p~")*(5,(8s + 6) — 1),
Ky(0, 1o, 1) = 2(1 — p~1)?(5, (165 — 6) — 1),
2 -1

(m=2)/2
Klia Ui ) =pa-p D (2) 4 (T e -0-1 g

[(F(id, IyUL,?2)

—1\"2 9N
=4p*1—p 1’1+ (-1) <7> (1;) P2 72)(gp(4s — 4) — 1)(5y(8s — 6) — 1).

Corollary 4.6 Let Elzo(t, s) be the Eisenstein series as in Definition 4.3 with respect to pr,».
Then Elzo(t, s) has a meromorphic continuation in s to the whole complex plane. If L' /L is
anisotropic and |L' /L| odd, it satisfies the functional equation

! 3
Ely(t,s — ) =§C2s—2,2LP) [ (Cplid Io) + Cplid, Io U 1) + Cp(o, fo))
pllL/Ll
!

3
xE}y(z, 55— E)’ (4.30)

Here
(_1)1/241—s7.[3 'y(s) 412’(5)
IL/Ll Ta()Ta(B) bh(s)

3
5(2— 5,2.1,1)) =
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with the same meaning as above and

Cy(id, Io) = K, (id, Io, 0) + K, (id, Io, 1),
Cylid, Io U I) = K,(id, Io U I, 0) + K, (id, o U 1, 1) + K, (id, Io U I, 2),
Cp(U; 10) = [(p(UJ 1o, 0) + I(p(oi Io, 1)'

Proof As indicated before, for the statement of Corollary 4.6 we have to calculate
Ky(z,I', k) in (4.27) for all T € Sy, any t-stable partition I’ of I = {1,2} and all k € {0, 1, 2}.
Since Ay(7, g, 0) = 1 and the product ]_[ —1(Dp,j(2s — —) — 1) is empty and thus equal to
1, we have

Ky(t,I',0) = kp(7, 1, 0).

By the definition of A,(z, g, 0), this identity holds for both possible cases of (L'/L),. The
expressions for K,(z,1’,0) in (4.28) can be verified by a direct but tedious calculation.
Again, the definition of A,(7, g, k) for k = 1,2 yields K,(t,I’,k) = 0 for all T € S, all
partitions I’ of I and (L'/L), = 7Z/pZ. It remains to confirm the equations in (4.29). This
is also a straightforward but tedious calculation. For all these computations we have to
take the convention in Theorem 4.5 into account. O

Remark 4.7 Note that by Remark 3.18 in [27] the functional equation (4.30) remains valid
for the Eisenstein series Elz(’)‘.

Since the case n = 2 lies mainly in our interest, we stick with it for the rest of this section
and introduce now a vector-valued analogue of the Poincaré series in [2], Sect. 2.2, and
a related Poincaré series. To this end, let H = H U H~, where H™ is the lower complex
half-plane.

Definition 4.8 Let d € Z be a positive integer, D = (0 e ) € GL,(Q)", ! € Nand
s € C with Re(s) > Tl

(i) Pj:H xH — C[L'/L] ® C[L'/L] is defined by

P, g,5)= Y Y det(im(§2)) c+ )7 It + ¢ e @ e 1L Ve

rel//Lyel;
(4.31)

where the subscript (7, 1) means that y acts on the first component and with respect
to the variable t. We further define a variant of P;, which occurs in the course of
the present paper. It already appeared in slightly less general scalar-valued form in
Poincaré’s work (see [16]). P+ :HxH— C[L'/L] ® C[L'/L] with

Pi(r,g,9)= Y > det(im(§9)) (r =)t = ¢ e ® e iz He-

reLl//Lyely
(4.32)
(if) Associated to P; and its variant we define
P HxH— CIL/LIQCIL/LL,  Z(t,e,Ds)= Y Pit,55) |5 M

Mel'\I'1 DI'y
(4.33)
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where the subscript (¢, 2) indicates that M acts on the second component and with
respect to the variable ¢ and pj ;. Corresponding to P1+ we put

P HxH— CIL/LI®CIL/LL, P/ (1,5,Ds)

= Y P [ Mgy (4.34)
MeT I\l DTy

Remark 4.9 (i) The series P; can be understood as vector-valued version of the Poincaré

series Pf (Z, W, g s) introduced in [2], Sect. 2.2. It can also be interpreted as the non-
holomorphic variant of the series /g, defined in [22], Def. 5.1. In terms of the
coefficients of p;,1 the component function P;(t, ¢, 5),, can be written as

det (1m (52))" Y (o2t 0en e )it i I 2 re + 07 lye + 6172,
yeln

(4.35)

Since pp,1 factors through the finite group SLy(Z/NZ), the coefficient p, ;(y) is
bounded on T';. Thus, for matters of convergence of (4.35) it suffices to study the

scalar-valued Poincaré series

det (Im (59)) D> jor, ) i I > vt + Oy + ¢17%,
vel

which is exactly the series P{ (Z, W, g s) in [2], Sect. 2.2, for g € I'y. It follows from
[2], Sec. 2.2, that each component function of Py(t, ¢, 5),, is absolutely and uniformly
convergent for all s € C with Re(s) > 37_1 on any product V1(8) x V1(8), where

1
V1(8)={z:x+iyeH|y28andx25g}

with 8 > 0, and thereby represents a real-analytic function on H?2. Thus, the usual
argument shows that P; transforms under the action of I'; with respect to the variable
7 like a vector-valued modular form of weight [ and type pr,;.

Since the sum )/ \r,pr, is finite, the same holds for the Poincaré series ;. In
terms of the function ¢ (see (2.9)), we may write &, in the following more explicit

2. 2

rel’'/L MeT \I' DIy

form

. (4.36)
x 3 det (1m (§2))" g1 (0 M, T +MO) o1 (V)es @ o7 (M.
yel

The series P;' has similar properties as P;. More specifically, it converges absolutely
and uniformly on compact subsets of H x H.

It is thereby real-analytic on H x H, leaving out possible poles. Indeed, if 7, ¢ are
both in the upper or lower half-plane, P;“ has a pole at 7 = ¢. In all other cases no
poles can occur. Also, the usual argument shows that PlJr transforms with respect to
7 € H like a vector-valued modular form.

If T isan element of H], the aforementioned statements can be deduced from Theorem
3A and Section 3C in Section V of [16].

Iftr e H and ¢ € H, P;r inherits the analytic properties of P;. To be specific, by
employing the same argument as in (i), we may estimate each of the component



O. Stein Res. Number Theory (2022)8:86 Page190f27 86

functions of P;' by

Dol T =0 = ) i, =l P (v (—2) — 1T
yelh yel
= > iFaI > Ez+ 017,
vel

where we replaced T € H™ with —z, z € H, and used the fact that y(—z) = —(yz).
The latter sum is up to a constant nothing else but an estimate of the series (4.35). If
7, ¢ are both in H™, the same reasoning as before shows that P1+ is bounded by

Ly~ —o5—1 |/~ —1-2.
D@ G+ o)
yeln
with z € H and ¢ € H™. This is up to a constant an estimate of Pl\HxH* Again, in

all considered cases the Poincaré series ,@;r shares the same properties as P1+'

The following theorem provides some further properties of Pf and @;r, which will be
vital later on.
Theorem 4.10 Let! € N and s € C with Re(s) > BT_l,f € Si(pr,1) and

r(l+s—1)

!
l, — _1 *22—25—1-%1
Cls)=(-1)2 TS

(4.37)

(i) Then we have

;P+ ,_,_ I ld ) — _1 _sCl,
Z (LI\H<f(T)®ek ) (T CS)>2 m(z)'du(r) | ex = (=1)°Cs)f ()

rel//L
(4.38)
forall¢ e H.
(ii) Let D = (0 P 1) € GLy(Q)" and T(D) the Hecke operator defined in Sect. 4.1.1.
Then

Z </F1\H <f(‘lf) & ey, f@;_(f’ E) D, §)>2 Im(f)ldﬂ(t)) (2

reL'/L
=(-1)7C(s) (f loz T(D)>(C) (4.39)
forall ¢ € H
Proof (i): It can easily be confirmed by direct calculation using the relation (3.12) that
(f(‘[') ® ¢, Py(7, E» S)>2
r0\\* I — _25 (4.40)
={f@. 3 Y det(m(§2)) =D — T el v) (12 @y
1

pel’/Lyel'y
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The last expression shows that the integral in (4.38) as Petersson scalar product (-, -)1
is well-defined since f is a cusp form and P;' transforms like a modular form in M;(pr,1)
with respect to t. Using (4.40), the left-hand side of (4.38) becomes

> ( fr <f(r>, 3 det (1m (§2)) (¢ = D) e — 2170 I y> Im(f)ldﬂ(f)) €
1\H 1

rel//L yel
(4.41)

which can be seen as non-holomorphic version of the kernel operator Kj defined in [22],
Definition 5.3. To prove the stated assertion, we may use the same unfolding trick as laid
out in the proof of Theorem 5.6 in [22]. In doing so, we obtain

vy [ <f<r>, S g5 (i, D — D) pL,ll(J/)ex> Im(x)dpu(r)
Ti\H yer ! (4.42)

= )t [ {0 (e = =T e tm(e) (o),

Since each component of f is a cusp form for I'(N), the latter integral in (4.42) can be
evaluated explicitly by means of the proposition in [2], Sect. 2.2:

(—1)~* Im(¢)* /H L@OE =)t =71 Im(0) P dur) = (-1)7°C s)f ()
(4.43)

for any ¢ € H.
(if): Similar to (i) we have

(@®e 2 @DI)H= 3 3 I x

Mel“l\r‘lDr‘l ;LGL’/L yel"l

<f<r>, det (1m (§52)) ¢ (10, DYWL Dy T — M) pL,}(y>eﬂ>1 (e 017" 0)es)
(4.44)

Thus, as before,

f <f(1') ® en, @f(t, ¢, D, §)> Im(t)'du(r)
I\H

2

=D Y ImMeoim o) Y <ew2‘51(M)eu> (4.45)
1

MeT1 (D\T' pell /L
<[ <f(r), S i (10 D)y T — MD) p;}(y)eu> () du(o),
1\H yel' 1

Unfolding the latter integral and applying (4.43) subsequently, yields

Z (/r: \H<f(f)®8)\,gzl+(f,E,D,§)>

rel’/L

=(=D7Cls) Y. Y Mo Y <€A, pz,11<M)eﬂ> e
1

MeT|\I'\ DTy pel’/L rel'/L

Im(r)ldu(r)) .
’ (4.46)

The right-hand side of (4.46) is nothing else than (—1)"*C(l, s)(f | T(D))({). O
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5 Garrett-Bocherer decomposition of vector-valued Siegel Eisenstein series

In this section we present a decomposition of the Siegel Eisenstein series El?o in terms
of Ego and the Poincaré series @;L . Such a decomposition was developed by Gar-
rett [13] and Bocherer [2] for scalar-valued holomorphic and non-holomorphic Siegel
Eisenstein series, respectively. It is based on an explicit system of representatives of
Cytm 0 \Lntm/tntm(Tm x T'yy) determined by Garrett (see (2.5) for the definition of ¢, ,,).
Since we are dealing with the same groups for n = m = 1, we may use Garrett’s results.
They become considerably easier in this special case, so we summarize them here in the
following two theorems. Subsequently, we will use these theorems to state and prove our
vector-valued version of the Garrett—Bocherer decomposition.

Theorem 5.1 A complete set of representatives for the double coset I'o9\I'2/t1,1(I'1 x T'1)
is given by

Moy J M,
where

Moy = {U(02)} and A1 = {U2 (2%1) | d e N}, (5.1)

Letg; € #;, d € Ny. Tailored to the case n = m = 1 the theorem in [13], §3, specifies
a complete set of left coset representatives of 'y 0\I"o,0 g7 [1,1(I'1 x I'1).

Theorem 5.2 Letd € Ny, r € {0,1} and g; € M. Then a complete set of representatives
of the Ty 0-left cosets in a0 gz 11,1(T'1 x 1) is given by

e vt @am) 1y €Ty, gem ML Mer, (94 )\Dy heTAT . (5:2)

Note that we use the convention that I'g = {12} and accordingly I'g (;1 ’(’)l) \To = {12}.
We also have that I'11\I'; = {12}.

Based on these theorems a vector-valued variant of the pullback formulain [13, Sect. § 5],
and [2], involving the Siegel Eisenstein series (4.17), can be given.

Theorem 5.3 Let d € Z be a positive integer, D = (‘é dgl) and Elz(’)k be defined as in
Definition 4.3. Then for all T, { € H

E((52)9)

= Ej3(t,5) ® El5(¢,9) + e(sig(L)/8)

[L/LIT2

(5.3)

L
3 i‘i((L)) 4~ P} (~1,¢,D,5).
d>1

Remark 5.4 Since E120 is absolutely and uniformly convergent on compact subsets of H?,
the same holds for any subseries occurring on the right-hand side of (5.3). In particular,
Y deN 'Zd(—(LL))d_l_zs ﬁfr(—t, ¢, D, s) is normally convergent for Re(s) > 37_1

Proof of Theorem 5.3: The proof is an adaption of the one given in [13]. All steps con-
cerning the factor of automorphy j, carry over immediately. The parts in Elza“ coming from
the Weil representation p; , have to be treated separately.
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According to Theorems 5.1 and 5.2 we have

ER(52),9= > > det(im(§2)) eIy g"h*

g€l',0\I'1 hel,0\I'1

2 2 2 det(im(§P)) e lig U (35) v MY

deNMeTl'1(d)\I'1 yel'1

(5.4)

Note that we have replaced the left cosets over I'y (g d:) \I'1 with T'1(d)\I'1. This
amounts to replace M with £(M) (see Sect. 2 for the notation), which only alters the

order of summation but not the whole expression. We consider both of the summands
above separately.

Starting with the first summand, note that a by direct computation we find

j2 (¢"1% (59)) = itg D ¢). (55)

For the part involving the Weil representation p; , we exploit (3.19) and (3.20) and infer
that

P13t @ o0 = p75' ") (20 ® pf7 (o)
= p;1' @0 ® py 1" (h)eo.
If we insert the right-hand side of (5.5) and (5.6), we may write in terms of (2.9)

Z Z det (Im(é?))s e0 ® ¢ |122 gtht

g€lo\I't hel oo \T'1

= > ) det(m(§9)) eus(i(g )it ) o1 (©)e0 ® 0} (e

8€lo0\I' helso\I'1
= Eﬁ;(r, R Ei;({, s).

(5.6)

For the second summand of (5.4), a straightforward calculation, using the cocycle rela-
tion of j, twice, yields

i (W (§8) MY (52)) = (1 - (o) - d2(M2) )M €).

On the other hand, by means of Lemma 3.4 and 3.5 we have

- 1 ) i
P;,zl(uz(gg)yTMi)e()@eo = T/ Z e(—(u, ”>>PZ,21(M“Pi‘,zl(y?)ed,t ® e,
mvel’ /L

1 - —
- m Z e( — V>>'0221(M¢)(P211(V)2du R ey)
wveL’ /L
1 - —
= 2 e = ()i )ea, @ ofy ().
mvel’ /L

(5.7)
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The transformation y +— S™19 (see (3.9) for the definition of ) leaves the sum over
y € I'1 and therefore the latter summand of (5.4) invariant. The subsequent calculations
can be easily verified

i (2 (38) 6PN (59)) = (1= 5750 - 20))i(s ™y, 2, ©)
= (v(=) = &M )j(y, —0)j(M.¢)

~d <y(—r) - ((g’ d%)M) ;>j(y, —0j (4 %) M¢).

Taking (5.7) and (3.6) into account, the corresponding calculations on the level of the
Weil representation yield

pizt (U (98) M ) e @0
1

= 07 > el = (1w v)or @)o 1 (Sean ® pf1t (M)e,

wveL' /L

L)/8
=D S X mde— )it s o 00

o,vel' /L pel’/L
e(sig(L)/8)

-1 -1
=D 2 PLi)e ® piy (Mg,
oel’/L

For the second equation we have additionally used (3.10).
With (4.13) in mind we may then rewrite the last expression in the form

e(sig(L)/8) ga(L) -1
IL/LI? g(L) 2

,oL)l(y)eQ ® ,OZII( (g d91 ) M)eQ. (5.8)
oel’/L

Putting together the rearrangements above, we obtain

Z Z Zdet(Im(S? 90|1LU2( )TM¢

deNMeT'1(d)\I' yel

= Z Z Z det (Im ( d —I- 2s(,ols(](y,—f)](R Oy (=1) —R§)>

dENRer‘l\Fl(d 0 )I‘ yel

e(sig(L)/8) ga(L Z

IV gty 2 0 @0 R

o€l’/L

6 Standard zeta function of an eigenform

In [9], p. 251, it was proposed to associate a zeta function

> af)d
deN
(4N)=1

to a common eigenform f of all Hecke operators T' (%2 ?) , (d,N) = 1, where

f i T(49) = ra(F)f.
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In this section we study the analytic properties of a slightly different zeta function.
Attached to an eigenform f of all Hecke operators T (%2 (1)), we define

Z(s.f) =) ralHd . (6.1)

deN

In consistency with [2] the zeta function Z(s, f) can be viewed as the standard zeta function

of f.

Remark 6.1 (i) Aswas already stated in [9], Z(s, ) converges for Re(s) sufficiently large.
We obtain this result as a by-product of the subsequent studies of the analytic prop-
erties of Z(s, f).

(i) Under certain assumptions on the discriminant form one can prove the existence
of a common eigenform of all Hecke operators T' (‘102 ‘1)) , d € N. This is possible
if a multiplicity one theorem for S;(por,1) holds. In [30], Theorem 41, conditions for
the validity of such a theorem are stated. These conditions depend heavily on the
decomposition of the Weil representation py,; into irreducible subrepresentations.
The multiplicities of these subrepresentations encode the dimension of the common
eigenspace for a set of eigenvalues A, for all Hecke operators T (do2 (1)), (d,N) = 1.
If all occurring irreducible subrepresentations have multiplicity one, the same holds
for the before mentioned dimension of common eigenspaces. The decomposition
of pr,1 into irreducible subrepresentations is well known, see e.g. [19], [20]. Among
other things, it depends on the structure of the discriminant form L’ /L. If for example
each p-group of L' /L consists of a single Jordan block of the form (Z/p*Z, Zc—f), PL1
decomposes into irreducible subrepresentations of multiplicity one.

6.1 Analytic properties of Z(s, f)

In this section we will prove that Z(s, f) can be continued meromorphically to the whole
complex s-plane. Also, we are able to establish a functional equation of Z(s, ) under the
assumption that the discriminant form L’/L is anisotropic. The proof is an adaption of
the corresponding result in [2] to the vector-valued setting. A first step is the following
theorem.

Theorem 6.2 Let f € S;(p1,1) be a cusp form with Fourier expansion

fr)= Z Z a(y, n)e(nt).

wel’ /L neZ+q(u)
n>0

Then for é + Re(s) > 1 we have
> ( / (/(r) ® e, Elf(—1,9) @ B3 (T, s)> Im(f)’tﬂt(f)) & = 0. (6.2)
rer/p N INE 2

Here Egg(—r, 3) and Ega‘ (¢,35) are defined by (4.19).

Proof Similar to (4.40) and (4.44) a straightforward calculation using the relation (3.12)
gives

(f(f) ® (9¥) Ezg(—f, E) ® Egg(zt §)>2 (_1)2s {f(f) ® (9%} Ego(f) E) ® Ezo(_zx §)>2

= (=D*{f(0), Ego(ff 5))1 (en E20<—?, §)>1 ‘
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Replacing this with the integrand in (6.2), we find that the integral in (6.2) is equal to

(0¥ D (e ELy(=39), e (f (), E}o(z, 9)), Im(0) du(2). (6.3)

rel’/L IR

The integral in (6.3) is the Petesson scalar product of f and E 110. As such, it is well-defined.
For its evaluation we adapt the calculations in the proof of [5], Proposition 1.5, to our
situation. The usual unfolding argument (see the proof of Thm. 5.6 in [22]) yields

(f (1), Ejy(z,5)), Im(x) dpu(r) = f > {f(gr) eo), Im(g7) Fdpu(z)

FE H geroo\I

= {f(z), e0), Im(t) 2 dxdy.
Too\H

Inserting the Fourier expansion of fy into the last integral, we find

/ / > a0, me(nr) Im(z) " 2dxdy

nez
n>0

/ Za(() n)eZnnyyl+s Zdy (/ 2ninxdx>

nez
n>0

=0.
O

In order to study the analytic properties of the standard zeta function, we express it basi-
cally as a Petersson scalar product of f with the restricted Eisenstein series EZO(({) ?), s).
This approach is well known and has been applied in several settings, see e. g. [2], [1] or
[4].

Let f € S;(pr,1) be a cusp form and El?o be the Eisenstein series as in Definition 4.3.
For ¢ € Hand /4 2Re(s) > 3 we form a vector-valued version of a Rankin—Selberg type

(ﬁﬂHQ' ®eb50( )S»Im@ymdﬂ>q, (6.4)

Remark 6.3 In view of Theorem 5.3 we may write the integral in (6.4) in the form

| oo i().9),me auc

- / [f(m®e, Ei?;(—r, 9 ® El; .9, Im(0)'du(x) (65)
I\H
e(sig(L)/8) gd -2 z 5
I /L|1/2 Z =2 Ll\H <f('f) X ey L@;—(f; ¢ (gd91);S)>2 Im(f)ldl/«('f).

It follows from Remark 5.4, (4.45) and (6.3) that the integral in (6.4) is well-defined.

integral

rel’/L

The pullback formula (5.3) combined with Theorem 6.2 and Theorem 4.10 gives rise to
the before mentioned integral formula of the standard zeta function of a common Hecke

eigenform f.
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Theorem 6.4 Let! € 27, | > 3, satisfy 21 + sig(L) = 0 mod 4. Let f € S;(pr,1) and El%o
the Eisenstein series in Definition 4.3. If | + 2 Re(s) > 3, then, for any ¢ € H,

2 </F1\H V(T) @ e Ef°(<6 *0?) ’ §)>2 Im(f)ldu(r)) &

)»EL//L (66)
=K@s)Y d775(f ke T(49)) 2),
deN
where K (I, s) = %(—1)—%@ s) and C(l, s) is specified in (4.37). Moreover, if f

is a common eigenform of all Hecke operators T (%2 (1)), the right-hand side of the above
identity coincides with

K(bs) (Z xd(f)d—’—%) f@). (6.7)
deN

Proof This is routine work. We have just to collect the results we established before and

put them together. Equation (6.5) in Remark 6.3 combined with Theorems 6.2 and 4.10

allows us to replace the left-hand side of the above stated identity by

e(sig(L)/8) —s ga(L) _[—2s d o0
|L'/L|1/2 (=1) C(I’S)Z g(L)d (f 93 T<0 d—l)) (©).
deN
Employing the relation (4.8) afterwards, gives the desired result. ]

We are now in a position to prove a result concerning the analytic properties of Z(s, f).
Corollary 4.6 together with (6.6) gives us the means to transfer the analytic properties of
E120 to the standard zeta function. We use the same notation as in Corollary 4.6.

Theorem 6.5 Let! € 27, | > 3, satisfy 2/ + sig(L) = 0 mod 4 and f € S;(p1,1) a common
eigenform of the Hecke operators T (‘{)2 9 ). Then the Dirichlet series Z(s, f ) can be continued
meromorphically to the entire complex s-plane. If additionally L' /L is anisotropic and |L' /L|
odd, then

Z(s,f)=K(,s)Z(2s+ 1 s)

satisfies the following functional equation

z (s - é f> =£(2s — ; 2LP) ] (Gplid Jo) + Cplid, Io U ) + Cylo, fo))
pIIL'/L|

3 l

Proof First, we note that

B ((5.%)5) =EL ((5%)09)-

where the last equation is due to (4.19). Clearly, this identity holds for each component
function of EIZO:

(o), = (7)), o
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for any u € (L' /L)?. From this follows the first assertion.

For the functional equation we make use of the fact that (4.30) is valid for each compo-
nent function of Efo,
and [10], Sect. 2.2 on pp. 641 and 642. Taking this into account, we obtain the claimed

which we can immediately read off the proof of Theorem 3.16 of [27]

functional equation. O
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