ON VECTOR VALUED AUTOMORPHIC FORMS AND THE STANDARD
L-FUNCTION ATTACHED TO THEM

OLIVER STEIN

ABSTRACT. We develop a theory of vector valued automorphic forms associated to the Weil
representation wy and corresponding to vector valued modular forms transforming with the
“finite” Weil representation pr. For each prime p we determine the structure of a vector
valued spherical Hecke algebra depending on wy, which acts on the space of automorphic
forms. We finally define a standard L-function of such an automorphic form and prove that
it can be continued meromorphically to the whole complex s-plane.

1. INTRODUCTION

An extremely important aspect of modular forms is their connection to L-functions, which
in turn play a key role in number theory and beyond. There are several ways to associate
an L-function to a modular form. Two examples of L-functions are relevant for the present
paper. Both are associated to a common Hecke eigenform f. The first one is defined in terms
of the eigenvalues A\p(f) of a family of Hecke operators T'(D), that is, f | T(D) = Ap(f)f. Tt
is given by

(L1) D(s, f) = 3" An(f) det(D)~*.
D

The second one is constructed as an Euler product in terms of the Satake parameters o ) of
f, where p is a prime. It can be written in the form L(s, f) = Hp<oo Ly(s, f) with

LP(Sv f) = R(aimvps)a
where R(wp,p®) is a rational expression depending on the parameters «;, and the prime
power p°. One way to obtain R(c ,,p®), is to express the formal local power series ) _ T(D)X’”(D)
as a rational function in X as was done in [Bo2|, [BM], [BoSP] or [Sh1].

Vector valued modular forms transforming with the Weil representation play an important
role many recent papers. The weakly holomorphic forms of this type serve as input to a
singular theta lift, which maps them to meromorphic modular forms on orthogonal groups
whose zeroes and poles are supported on special divisors and which possess an infinite product
expansion. This theta lift is the celebrated Borcherds lift ([Bo], [Brl]), which has many
applications in geometry, algebra and in the theory of Lie algebras. For instance, it is an
interesting and widely studied problem to classify reflective automorphic forms and thereby
so-called reflective lattices and Kac-Moody algebras (see e. g. [Schl] and [Wa]). We believe
that the results of the present paper can contribute to these studies. Most of the classical
theory of modular forms has been established for this type of modular forms over the past
years. However, still not much is known about associated Dirichlet series. In [BS], a zeta
function of the form (1.1) was introduced. In [St1] the analytic properties of a slightly more
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general zeta function were investigated. So far, to the best of my knowledge, there has been
no standard L-function defined for this type of modular forms. The main objectives of the
present paper are

i) to develop a theory of vector valued automorphic forms associated to the Weil rep-
resentation wy corresponding to vector valued modular forms transforming according
to the finite Weil representation,

ii) to determine the structure of a local vector valued spherical Hecke algebra depending
on wy,

iii) to define such a standard L-function assigned to a vector valued Hecke eigenform f
and to prove that it is meromorphic on the complex s-plane.

To achieve this, we mainly follow Murase ([Mul], § 4), Bouganis and Marzec ([BM], Chapter
7) and Bocherer and Schulze-Pillot ([BoSP], 1.§2) (which provide a thorough account to this
topic). As in [Mul], we first develop a theory of vector valued automorphic forms for the Weil
representation and prove that the space of these forms is isomorphic to the space of vector
valued cusp forms for the Weil representation. This may be of interest in its own right. We
then define for each prime p a spherical Hecke algebra depending on the Weil representation
and an action of this algebra on the space automorphic forms, which is compatible with the
action of Hecke operators (as defined in [BS]) on the space of cusp forms. For a common
automorphic eigenform F of all elements T}, ; of the before mentioned spherical Hecke algebra
we are then able to produce a result of the form

Z Arp(Te)p~ ) = R(a p, a2, p%),
(k1)

where the Satake parameters are given by two unramified characters of the p-adic numbers
Qp. As was suggested in [BM] and [BoSP], we use this identity to define a standard L-function
of F. The last part of this paper is concerned with the proof of the meromorphic continuation
of this L-function to the whole s-plane.

Note that the latter part may already be covered in a paper of Yamana ([Ya]), who proved
analytic properties of a standard L-function associated to an automorphic representation
of the metaplectic group Mp(2n) (see the remarks below regarding this issue). Yet, these
results seem not to be immeadiately applicable to our setting and it is unclear how to recover
the computations of the local Euler factors from them (which play an important role in
applications - see the remarks below).

The paper at hand is intended as a first step towards a more comprehensive study of L-
functions associated to vector valued automorphic forms for the Weil representation: Schei-
thauer (see [Sch] for example) and others investigated extensively a lifting from scalar valued
modular forms for I'g(IN), N the level of the lattice L (see below for more details), to vec-
tor valued modular forms transforming with the Weil representation, which commutes with
Hecke operators on both sides. On the other hand, it is well known that there is a well estab-
lished theory of automorphic forms and automorphic representations of GL(2) connected to
modular forms of T'g(N) (see e. g. [Ge]). It would be interesting to compare a vector valued
automorphic form obtained from a lifted scalar valued modular form with the corresponding
scalar valued automorphic form. I expect that there is a relation between the associated
standard L-functions, which in turn could lead to a relation of the standard L-function in
this paper and the one related to some irreducible automorphic representation of GL(2). T
hope to come back these questions in the near future. Also, this paper (and [St1]) can be
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used to prove more general results on the injectivity of the Kudla-Millson lift along the lines
of [BF]. The corresponding proof relies on the computation of the local Euler factors of the
introduced standard L-function. In turn, a generalization of a converse theorem for lattices
of level p as stated in [Br2] can be proven. This is indeed achieved in [St2]. Although our
results are restricted to anisotropic discriminant forms, based on them, we have established
the most general converse theorem for the Borcherds lift (to the best of my knowlegde).

Let us describe the content of the paper in more detail. To this end, let (L, (-,)) be an even
lattice of even rank m and type (b, b™) with (even) signature sig(L) = b" — b~ and level N.
Associated to the bilinear form (-,-) there is a quadratic form ¢g. The modulo 1 reduction of
(+,-) and ¢ defines a bilinear form and quadratic form, respectively, on the discriminant form
D = L'/L. Here L’ is the dual lattice of L. The Weil representation py, is a representation of
I' = SLy(Z) on the group ring C[D]. As usual, denote with Z, the ring of p-adic integers. As
will be explained later in the paper, py, is isomorphic to a finite dimensional subrepresentation
p<oo Wp (originally defined by Weil [Wei]) of SLy(Z) on a

space S, (isomorphic to C[D]). Here Z is defined by [] Zy. We have the relation

of the Weil representation wy = @

p<oo

pr(v) = wr(vf)

for all v € I', where 7, is the projection of v into SLy(Z). For the details see Chapter 4.
For k € Z, a vector valued modular form of weight « and type py, is a holomorphic function
f :H — C, which satisfies

f(yr) = (er +d)"pr(v)f(7)
ab

for all v = ( a d) € I' and all 7 in the complex upper half plane H, and is holomorphic at
the cusp co. We denote the space of all such functions with M, (pr) and write Sk(pr) for the
subspace of cuspforms. Now let A be the ring of adeles, G(Q) a subgroup of GL2(Q)* and

G(A) = H, Qp =1 (9p) € H 9y | gp € K, for almost all primes p p ,

p<oo p<oo

where Q, and K, is a subgroup of GL2(Q,) and GL2(Z,), respectively. We assign to f a
function Fy : G(Q) \ G(A) — C by means of strong approximation for the group G(A). For

9 = 90(goo X k) we put
Fr(g) = w; (k)5 (goos )" f(gooi)-

Here gg € G(Q), goo € Qoo < GLI (R) and k € K = [I,<o Kp- In Proposition 6.3 and Lemma
6.4 we will show that F' is a cuspidal vector valued automorphic form of type wy, which can
be seen as a vector valued analogue of a scalar valued cuspidal automorphic form. Moreover,
Theorem 6.5 states that space of these functions, satisfying further properties, is isomorphic
to Sk(pr). We denote this space with A,(wy). The inverse map can also be explicitly given:
For F € A, (wy) it can be proven that fr, specified by

7= fr(1) = j(gr,9)"F(gr x 1)

1/2
with gr = (é 316) <y0/ y_()1/2
that the definition of Fy has already occurred in the work of Werner ([We]). The function
fr can be found in Kudla’s paper [Ku|. However, as far as I know, a theory of vector valued
automorphic forms has not yet appeared in the literature.

> and 7 = g,i = x + iy € H, is indeed an element of Sk (pr). Note
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It is well known that for each prime p the spherical Hecke algebra H(GL2(Q))// GL2(Z,))
of locally constant, compactly supported and complex-valued functions, which additionally
satisfy

f(kigks) = f(g)

for all k1, ko € GLa(Z,) and all g € GL2(Q,), acts on the space of automorphic forms. This
action is compatible with action of Hecke operators on the space of cusp forms (see for example
[BP], [Ge] or [KL]). Werner introduced in [We] an action on A (wy), which is compatible

with the action of the double coset I' (pgl ?) I’ on Si(pr). In this paper, we extend Werner’s

result. We define for each prime p a spherical Hecke algebra H(Q,)//Kp,wp) of type w, as
follows: Let L, = L ® Z; and Sp, as above, but associated to the p-adic lattice L;,. Note
that S;, = &), Si, (see Chapter 4 for details). Then H(Q,)//K,,wp) consists of all locally

constant and compactly supported functions f : Q, — S, which satisfy

J(k1gka) = wp(k1) o f(g) o wp(k2)

for all k1,k2 € K, and all g € Q,,. Hecke algebras of this type are well known and studied in
the literature ([BK], [Ho], [He]). A “tool” to investigate the structure of Hecke algebras (for a
pair of groups (G, K) with suitable properties), vector valued or not, is the Satake map (see
[Sa] or [Cal), whose image is a Hecke algebra easier to understand. Under the assumption
that L,/ Ly, is anisotropic, we determine a set of generators of H(Q,//Kp,w,) and connect it
to a scalar valued Hecke algebra by means of a variant of the classical Satake map, which we
adopt from [He] and which is suitable in our situation. Subsequently, we define an action of
H(Qp//Kp,wp) on A, (wy), which can be interpreted as vector-valued analogue of the versions
in [BP] or [Mul]. We show in Theorem 6.9 that this action is compatible with the action of
Hecke operator on S.(pr).

Denote with Ty, (k,1) € Z? with I > k > 0 and k + | € 2Z, a set of generators of
H(Qp//Kp,wp) and F € Ag(wy) a common eigenform of all T} ;. Following Arakawa in [Ar],
we transfer some results on spherical functions to the vector valued setting and use them to
prove

(1) (2)
= 1 L+ xg) (0)X5 ) (P)p
> App(Teg)p**H) = FpP)XFp

1 3 ,
(k,)eA C(Lyp) (1 - X(F’;(pQ)p—QS'Fl)(l _ X%;(pQ)p—st)

).

—2s5+1

where (X%l;, Xg;) is a pair of unramified characters of @, and C(L,) is some constant. As

indicated above, this identity gives rise to our definition of the local standard L-function
Ly(s, F).

The last part of the paper deals with the analytic properties of L(s, F'). Following [Ar]
again, we find a direct relation between the standard L-function and a zeta function Z(s, f)
similar to the one in (1.1). In [St1] a variant of the before mentioned zeta function was
studied. It turns out that it is a meromorphic function and satisfies a functional equation.
The property of being meromorphic carries over to L(s, F'), the functional equation does
unfortunately not. The local L-function L, (s, F') possesses an integral representation of the
form

(12) [, vesslanto)ds
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where vy is defined in (7.14) and w, is the zonal spherical function associated to the pair

of characters X( ),X( )). The analytic properties of integrals of this type (as a function of
Fp> AFp

s) were subject of several papers, among them [Ta] and [An]. The main difference between
(1.2) and these integrals is that the one considered in the cited papers are defined over a
multiplicative group of an algebra, which is not the case for (1.2). As consequence, the tools
used in [Ta] and [An] to prove a functional equation, are not at our disposal for this task. It
seems (to the best of my knowledge) unclear to date how they can be replaced. It would be
interesting to investigate this subject further and to provide the means to prove a functional
equation in the present situation.

2. NOTATION

As usual, we let e(z), z € C be the abbreviation for e*™. For any prime p € Z by Q,
we mean the field of p-adic numbers and by Z, its ring of p-adic integers; | - |, is the p-adic
absolute value and ord,(-) the p-adic valuation of Q,. We write A for the adele ring and for
A for the idele group. By A; we mean the set of finite adeles. For any ring R, as usual,
M 2(R) and GLg(R) are the set of 2 x 2 matrices, the subgroup of invertible matrices in
Ms2(R). The following subgroups are important for this paper:

G(R) = {M € GLy(R) | det(M) € (R*)%},

D(R) ={(5,") |re R,
M(R):{(Om) |T1’T2GR}
N(R)={(o1) |re R},

{(51
UR)={(L?) |reR}and

(R) = A{(
B(R) = M(R)-N(R) = N(R) - M(R). Throughout the paper we use the following abbrevia-

tions for certain elements of these groups

n(e)=(L9), n)=(5%), ms)=(5,5), mltit)=(5) andw=(53)

For R = Q, or R = Z, the groups listed below will be frequently be utilized in this paper.

Q, = {M € GLy(Q,) | det(M) € (@))%},

Kp ={M € GLy(Z,) | det(M) € (Z >2>,
(2.1) M, ={M € M(Q,) | det(M) € (Q})*},

D, = M, NK, and

No={("s ») € M(Zp) | 1 € (Z))?,ra = 1},

0 ro

Moreover, the subgroup
(2.2) Kolp) ={(2%) € Ky | c = 0 mod p}

of K, will be relevant. Since Q, is locally compact (see Lemma 5.3), we may fix a Haar
measure on Q,, such that me,Cp dg = 1 for any of the groups G = Q,, M, and N(Q,). We
denote with p(K) the measure of any subgroup K of IC,,.

For z, € Q, let 1p(zp) = (@g)g<co € GL2(A) with ay = 1, for ¢ # p and «a, = zp.
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For an arbitrary set A, by 14 we mean the characteristic function of A. Moreover, we will
make frequently use of the following subsets of Z2:

A={(k,1)eZ? |k, >0andk+1¢€2Z} and
Ay ={(k, ) eA|k<I}.

Finally, as usual, we write H = {7 € C | Im(7) > 0} for the complex upper half plane and
(E) for the Legendre symbol.

3. HECKE OPERATORS T'(m(p¥,p')) AND STANDARD ZETA-FUNCTIONS

In this section we briefly summarize some facts on lattices, discriminant forms and the
“finite” Weil representation. We also recall the definition of vector valued modular forms for
the Weil representation and some related theory relevant for the present paper. Subsequently,
we explain how to extend the definition of the Hecke operator T'(p?)* in Definition 5.5 of [BS]
to the action of double cosets of the form I'm(p¥,p!)I". In [BS] a standard zeta function
associated to an eigenform of all Hecke operators T'(m(n?,1)), n € N is introduced. Here,
we consider a variant of this zeta function and state some analytic properties based on the
investigations in [St1].

Let L be a lattice of rank m equipped with a symmetric Z-valued bilinear form (-,-) such
that the associated quadratic form

1
q(z) := i(x,x), x €L,
takes values in Z. We assume that m is even, L is non-degenerate and denote its type by
(b,b7) and signature b™ — b~ by sig(L). Note that sig(L) is also even. We stick with these
assumptions on L for the rest of this paper unless we state it otherwise. Further, let

L''={zeV=L®Q : (z,y)€Z forall ye L}

be the dual lattice of L. Since L C L', the elementary divisor theorem implies that L'/L is
a finite group. We denote this group by D. The modulo 1 reduction of both, the bilinear
form (-,-) and the associated quadratic form, defines a Q/Z-valued bilinear form (-,-) with
corresponding Q/Z-valued quadratic form on D. We call D combined with (-, -) a discriminant
form or a quadratic module. We call it anisotropic, if ¢(u) = 0 holds only for p = 0.

It is well known that any discriminant form can be decomposed into direct sum of quadratic
modules of the following form (cf. [BEF])

ta? ta?

x? + 2zy + y?

By = <Z/2kZ ® Z/2%Z; o

> , Cor = (Z/sz@Z/sz; ‘%) :
The structure of anisotropic finite quadratic modules is well known: In particular, for an odd
prime p each p-group D,, of a discriminant form D can be either written as AZ or as a direct
sum Al & A}, For further details we refer to [BEF].

The Weil representation py, is a representation of I' = SLa(Z) on the group ring C[D]. We
denote the standard basis of C[D] by {ex}rep. The standard scalar product on C[D] is given
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by

(3.1) <Z a,\eA,Zb,\eA> = Z@\K.

A\eD A\eD A\eD
As T is generated by the matrices

(3.2) S:((l) _01>, T:<(1) i)

it is sufficient to define pr by the action on these generators.
Definition 3.1. The representation pr, of I" on C[D], defined by
pr(T)ex := e(bg(A))ex,

pu(S)er = LIBDIEL S o)

1/2
DIV

(3.3)

is called Weil representation.
Let Z = (Bl _01). The action of Z is given by

(3.4) p1(Z)(ex) = e(—sig(L) [4)e_».

We denote by N the level of the lattice L. It is the smallest positive integer such that

Ng(X\) € Z for all A € L'. One can prove that the Weil representation py, is trivial on I'(N),

the principal congruence subgroup of level N. Therefore, p;, factors over the finite group
I')T(N) = SLy(Z/NZ).

For the rest of this paper we suppose that N is odd.
The following Lemma describes the action of the Weil representation on matrices of the
form

Ry = ST?S~'1°8T?,
where ad = 1 mod N. It es easily checked that R = (39) mod N.

Lemma 3.2. For a,d as above we have

(3.5) pL(Rd)e)\ = ggd((g)) e).

Here g4(D) denotes the Gauss sum

(3.6) ga(D) =Y e(dg(N))
rxeD

and g(D) = g1(D).
Notice that by Milgram’s formula we can evaluate g(D) explicitly
9(D) = V/|Dle(sig(L)/8).

We now define vector-valued modular forms of type pr. With respect to the standard basis
of C[D] a function f : H — C[D] can be written in the form

Fr) =" Alr)ea

AeED
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The following operator generalises the usual Petersson slash operator to the space of all those
functions. For k € Z we define

(3.7) Flozy =307 pr(0) " f(y7),
where
j(g,7) = det(g)"*(cr + d)

is the usual automorphy factor if g = (2%) € GL] (R).

A holomorphic function f : H — C[D] is called a modular form of weight x and type py, for
Lif f |, vy=fforally eI, and if f is holomorphic at the cusp oco. Here the last condition
means that all Fourier coefficients ¢(\,n) with n < 0 vanish. If in addition ¢(\,n) = 0 for all
n = 0, we call the corresponding modular form a cusp form. We denote by M, (pr) the space
of all such modular forms, by Sy (pr) the subspace cusp forms. For more details see e.g. [Brl]
or [BS]. Note that formula (3.4) implies that My (pr) = {0} unless

(3.8) 2k =sig(L) (mod 2).

Therefore, if the signature of L is even, only non-trivial spaces of integral weight can occur.
The Petersson scalar product on Sy (pr) is given by

(3.9) (f.9) = / (f(7), g(r)) Im Tdps()
D\H

where e d
du(r) = ”;2”

denotes the hyperbolic volume element.
In [BS] Hecke operators T'(d?)* on S, (pr) were introduced. More generally, for

G(N)={M € GL3(Q); 3n € Z with (n,N) =1 such that nM € M(Z)
and (det(nM),N) =1},

Q(N) = {(M,r) € G(N) x (Z/NZ)*; det(M)=r? (mod N)}
and g € Q(N), the Hecke operator was defined in the usual way by the action of double cosets
T'gl™
(3.10) flor T(gor) = det(9)™*™ >~ flar (M,7)
MeT\I'gl

In [BS] it is explained in detail how to extend p; to the group Q(N). In this paper, we
content ourselves with Hecke operators defined by matrices g € G(Q). Let

G¥(Q) = {9 € G(Q) | (det(g), N) = 1}.

Then G¥(Q) can be embedded homomorphically into Q(N) by g + (g,t mod N), where
det(g) = t?. Thus, we identify any matrix g € GV (Q) with (g, mod N) and write throughout
the whole paper only pr(g) or T'(g) instead of pr(g,t) or T'(g,t), respectively.

Let m(k,1) € GN(Q)NMy(Z) with k|l. As already pointed out in [St1] in a similar situation,
there is a close relation between the Hecke operators T'(m(k,1)) and T'(m(k~1,171)): Clearly,

Tm(k, )T = Tm(l, k)T = m(kl, k)Tm(k~ 1, 17HT
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and thus

D)
Tk, = (k1) -2 9L ey
) (m(k=,1710) = (k1)) LT (k1)
= (k)" 2T (m(k,1).
For the last equation we have utilized that &l is a square mod N and consequently gi;(D) =
g(D). In the same vein, we obtain

D) l

3.12 Tk, 1)) = k522 P) i Ly

(3.12) (m(k,1)) (D) (m(y,1))

The factors gif?!%) and gg’“((DD)) result from the action of m(kl, kl) and m(k,k)~!, respec-

tively in the Weil representation (cf. [BS], (3.5)). Observe that the very same definition
of pr.(m(k,k)™) and pr(m(kl, kl)) is still meaningful even if (k, N) > 1.

As demonstrated in [BS], Chapter 5, (3.10) defines still a Hecke operator if we assume
(k,N) > 1 and choose I'm(k?,1)I" as double coset acting on Sk . The goal of the subse-
quent remarks is to extend the Hecke operator in this case to double cosets I'm(k,[)[" and
Im(k~1, 17T with m(k,1),m(k~1,171) as above, but (kl, N) > 1. We make use of the same
ideas as in [St1], Chap. 4. To this end, we define

pitm(k )ex = 22 7 (1. )

and

D l
(3.13) pi ol )er = X7 ol e

In view of these identities, the extension to the corresponding double cosets works the same
way as in [BS], Chapter 5. Consequently, (3.12) is still valid for T'(m(k~t,171)) and T'(m(k,1)).
Also, the arguments leading to (3.11) are still applicable in the case (kl, N) > 1. Thus,
T(m(k=1,171)) and T(m(k,1)) are related by this identity. However, the factor gi%jlg) is not
equal to one in this case.

For the following remarks we assume that level N of L is additionally square free. We keep
this assumption whenever we are dealing with the zeta function Z(s, f) (to be defined below).
Let f € Sx(pr) be a simultaneous eigenform of all Hecke operators T'(m(k?,1)), k € N, with
eigenvalues Ar(m(k?,1)) (see Remark 6.1, i) in [St1] for some details when such a cusp form
exists). Then the relations (3.11) and (3.12) immediately imply that f is an eigenform of all
Hecke operators T'(m(k—1,171)) and T'(m(k,1)) with eigenvalues

 LE— gk(D) !
(3.14) Ap(m(k, 1)) = k2 o(D) Af(m(%, 1))
and
1 - . (kl)_(H_Q))‘f(m(kvl))v (kl7N) =1,
(3.15) Ap(m(k 7)) = {(kl)—(“—Z)%)\f(m(k,l)), (kl,N) > 1.

In [St1] the analytic properties of the standard zeta function

Z(s, f) = _ Ap(m(k*, 1)k~

keN
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were studied. By Theorem 5.6 in [BS] this series possesses an Euler product

(3.16) Z(s, ) =[] Zo(s, )

with Z,(s, f) = Y pen Ar(m(p*,1))p=2**. Let us consider the more general local zeta function

Zp(s, /)= D Aplm(pF,p))p~ o,

(k)eA+
By (3.15) we have
(3.17) 2 (5. ) Do (kD)eAy Ap(m(ph, ph))p~(eHr=D k4D, (p,N) =1,
’ ’ = D —(s+r—
’ 2o (k)ehs %Af(m(pk,pl))p (T2 p | N.

Subsequently, we want to relate that the zeta functions introduced above, which boils down

to evaluate the expressions gpzi]lj()D) and g;((DD)) explicitly. By [Wel], Lemma 5.8, we know that
gn(D)

3.18 n+— xpn)=

(3.18) (n) = 4

is a quadratic character of (Z/NZ)*. More specifically,

g9(D) B gn(D) (' n (t — 1)oddity (D)

9.(D) ~ 9(D) ~ <|D\) ’ < 8 ) |

A proof for the last equation can be found in [Wel], Theorem 5.17. It is known that if |D| is

odd, oddity(D) = 0 mod 8, see e. g. [Wel|, Lemma 5.8 or [CS], Chap. 15, § 7. Thus, %

(3.19)

simplifies to

(3.20) wm = ()
(D)

in this case. We now evaluate the quotient ggri(l))7 r € Np, more explicitly for the case p | V.
P

Decomposing D into p-groups D), we find

9(D) _ 9(Dp) 9(Dy) _

gy (D) gpr(Dp) gy (Dyg)

By the assumption on NN, the level of D), is p and therefore

(3.21)
atN

’DP’7 T>Ov

(3.22) gpr(Dp) = {g(Dp), =0

Let Dj be the orthogonal complement of D, in D with respect to (-,-). Then we clearly have
D=D,® D;- and (|Dj;|,p) = 1. Since (p,q) = 1, in view of (3.22) and Milgram’s forumula
the right-hand side of (3.21) can be written in the form

cSBD)/8) o

(323) ’Dp’l/Q D

Notice that if p" is a square, gpr(Dpl) = g(DpL) and X p1 (p") =1.
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It follows for a “bad” prime p dividing N by means of (3.14) and (3.23) that (3.17) becomes
Zp(sa f)=

SlgD 2 Z )\ 2l 1 —1(2s+k—2) + Z XDL ))‘f (m(plfk, 1)pfl(ﬁf2)pfs(k+l)
| | IS\ (k,D)eAt
k>0

For a “good” prime p{ N we have

Zp(s,f): Z XD(pk))\f(m(pl_k,1))p_5(k+l),

(k,D)eA+

Let x be either of the characters xp, x D+ Then we can write for either of the above sums

over (k,l) € Aq:
Z X k(2s+K— Z)Af(m(plfk, 1))p7(lfk)(s+n72).

For any fixed k € Ny the index [ runs through the set {2n + k | n € Ny} to satisfy the
conditions | + k € 2Z and [ > k. Therefore, the index [ — k runs through

{2(n — k) | n € Ny with n > k} = 2Nj.

Thus, we may rewrite the latter series as
Z X(pk —2ks Z )‘f 2n 1 72715.
k

Globally, we then have

(3.24) .
2, =1] ((W — 1> + Lp(2s + K — z,XDpL)> L(2s+k—2,xp)Z(s+K—2, f),
plID| P
where
i)

Ly(s,xps) = (1= xps (0)p~*) ",
ii) L(s,xp) is the Dirichlet L-series associated to xp.
We can now state the following theorem regarding the analytic properties of Z(s, f).
Theorem 3.3. Let k € 27, k > 3, satisfy 2k + sig(L) =0 mod 4 and f € Sk(pr) a common

eigenform of all Hecke operators T(m(k? 1)), k € N. Then the zeta function Z(s, f) has a
meromorphic continuation to the whole s-plane.

Proof. This results from (3.24): Theorem 6.6 of [St1] provides the desired property for Z(s, f).
For L(s, xp) this is well known and clear for the remaining factor anyway. O

4. THE WEIL REPRESENTATION ON GLg(A)

Let (L, (+,-)) and D = L'/L be defined as in Section 3 We further define V.= L ® Q and
let H = O(V') be the orthogonal group over Q attached to (V, (-,+)). In this section we collect
some well known facts on the Weil representation of SLa(A) x H(A), which is suited for our



12 OLIVER STEIN

purposes in this paper. Here, we consider the Schrodinger model of the Weil repesentation
w = [],<o wp on the space S(V(A)) of Schwartz-Bruhat functions associated to the character

(4.1) v=T1 ¢ : 4/Q =T, 2 = (&) = Yla) = ST Rpe ™),
p<oo
where wlp € Q/Z is the principal part of 2, and V/(A) = V ® A. Note that this character is the
complex conjugate of the standard additive character (see e. g. [St], [BY] and [KL], Chapter
8).
A second goal of present section is the extension of w to a subgroup of GLg(A) in the spirit

of the extension of the “finite” Weil representation py, in [BS].
For ;1 € D we define ¢, € S(V(Ay)) with

(4.2) on="1,1= 1% =TI turr.-
p<oo p<oo

Here L, = L ® Z,, which is the p-part of L =L®Z with Z = Hp<oo Zip, and 147, is
the characteristic function of u + L,. Note that there is a close relation between the finite
groups L; /L, and the p-groups D). In fact, these groups are isomorphic. This isomorphism
additionally respects the quadratic forms, which endow both groups, see e. g. [Ze], Section
3, [St], Remark 3.2 or [Wel], Theorem 4.30. In the following, we identify these groups and
use them interchangeably. As in [BY] we consider the | D|- dimensional subspace

(4.3) St = T, C SV (A))).
neD

It is known that the space (4.3) is stable under the action of the group SL(2,Z) via the Weil
representation wy (see e. g. [BY], chapter 2 or [Ku]). Also, the L? scalar product (-,-) on
St € S(V(Ay)) simplifies to

(4.4) <Z FMSD;HZFMDM) = Z ’FM|2'
neD neD neD

Note that D can be decomposed into p-groups D = ®PIID\ D, = ®p|\D\ L,/L,. For almost
all primes p - those coprime to |D| - Ly, is unimodular and thus L/ /L, = 0+ L,,. Therefore,

p
we can write D = P /Lp. On the level of the space Sp,, this decomposition translates
to the isomorphism

(4.5) St= Q) S, wur— K oy,

/
p<oo Lp

p<oo p<oo
where 1 = EpH p| Hp and QD;MP ) = gpl(,o) for all primes p coprime to |D|. The local Weil

representation wy, acts on the p-part Sr, of Sp, where

(4.6) Sy = {@MGL;/LP Cei, 1D,
P ee, p 1Dl
We then have

wr(r)en = R) wplrp)es .
p<oo
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According to [St], Lemma 3.4 and [BY], Proposition 2.5, the Weil representation w, can
be described explicitly on the generators of SLy(Z,) by

wp(n(B))el) = v (ba(u))e”

1 (Lp/Lp) "
(4.7) wp(wley’ = Tpr D ol )
p/ =P /
VPELp/LP

a1
wp(m(a) e = xvp(@)pl "),

where (Lj,/Ly) is the local Weil index and xv,(a) = (a, (=1)™/2|D,|), is the local Hilbert
symbol. Evaluating the local Hilbert symbol gives
a
(45) vl = (157 ) = w0
. 1L/ Ly '
see e. g. [Se|, Chapter III. These formulas imply that (see the proof Lemma 3.4 in [St])

i) the local Weil representations w, is trivial if p is coprime to |D],
ii) if we identify C[D] with Sp via e, — ¢,, then wy coincides with the finite Weil
representation pr 1 in the following way

(4.9) pr(y) = wr(vs),

where v € SLy(Z) and vy € SLy(Z) is the projection of 7 into SLy(Z). Note that by
our choice of the character v, the relation (4.9) differs from the one in [BY], (2.7), by
conjugation.

The following lemma provides the action of wj, for the lower triangular matrix n_(c) € SLa(Z,):

Lemma 4.1. Let c € Z;. Then
(4.10)

L/L
wp(n(C))%(ﬂp):WXV@(_C)@%(C_IQ(M))) Z ¢p(C_IQ(Vp))¢p(_C(#p,I/p))g@éyp).

vp€L},/Lp

Proof. By the Bruhat decomposition (see e. g. [KL], p. 69),
n_(c) = n(c"Hwn(c)m(—c).
From this we infer that by means of (4.7)

wp<n<c>>so§f‘“=va,p<—c>wp<c—lq<up>> S vale ) p(—clip o))y

vp€L},/Lp

O

Via the extension of pr, to a subgroup of G(Q) (see Section 3) it is possible to extend wy
(cf. [We], Def. 46) to the group K =[], Kp as follows:

Definition 4.2. Let N = [[;_, p® be the level of D,
Q(N)={M € GLy(Z/NZ) | det(M) a square in (Z/NZ)*}
(cf. [BS], (3.2)) and
K5 T[E =5 ),

p|N
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where 7 is the projection onto the places p | N and 7y is the composition of the canonical
projection of Z,, to Z/p®Z and the application of the Chinese remainder theorem, applied to
each component of the matrices. For k € K we then define

wy(k) = ® wp(kp)

411 peee
( ) = ®wp(kp) ®Wp(kp)
ptN p|N

with wy(kp) =idg,  for all primes p { N and

(4.12) @ wn(kp) = pr(mn ((kp)p))-

pIN
Here by (kp),|ny we mean the tuple of all components &, € K, of k belonging to the primes p
dividing N. Combining (4.11) and (4.12) we can write

(4.13) wy (k) = pr(r o ) (R)).

Note that Definition 4.2 is compatible with (4.9). For, if we take k € SLy(Z) as the
projection of some v € SLy(Z), we find (ryon)(k) = nn(7) € SLa(Z/NZ) and wy(k) = pr(7)
since py, factors through SLy(Z/NZ).

We can imitate the extension process of pr from I' to Q(N) to extend the local Weil
representation wy, from SLa(Z)) to KCp.

Definition 4.3. Let k, € K, with det(k,) = t* € (Z,)*. Then we define in accordance with
[BS], (3.5),

g(D
an((§ ) = KDeL o

= ¥
(4.14) g¢(Dp) ™"
A
= Xp, (t)pp”
and
(4.15) wpkp) = wnl(§ 9)en( (5" % ) B
where (tol = 1> ky, is an element of SLa(Z,).

If the level N is equal to a prime p, we have wy = w, and Definition 4.2 specialises to
an extension of the local Weil representation wy, to K,. Thus, wy(ky) = pr(mp(kp)), which is
compatible with Definition 4.3.

Finally, we need to define the local Weil representation w, on double cosets of the form
Kpm(p~*,p~)K,. Here m(p~*,p~!) € G(Q) and k <[ (cf. Theorem 6.9). Again, we mirror
the corresponding process in [BS], Chapter 5, and make use of results in Section 3 of the
present paper.

Definition 4.4. Let m(p~*,p~!) € G(Q) with k < 1.
i) Then we put

—k (Ap) —

wy Y mpF p )l Ym(p~, ph))w, L (m(pF, 1) pp ™)
(4.16) _ g(Dp) Sp(p(l—k)/2/\p)
gpl(Dp) g ‘
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ii) For 6 = ym(p~*,p~1)y € K,m(p~*,p~")K, we define

(4.17) w1 (8)es™) = wi (V) Hmp*, p))wy (7).

As already noted before, if the level IV is equal to a prime p, we have wy(v,) = wr(yp) =
pL(mp(7p)) for v, € SLa(Zp). In view of (3.13), we conclude w,'(d) = p. () for ¢ €
SLa(Zy)m(p~*, p~!) SLa(Z,). Proposition 5.1 in [BS] then shows that (4.17) is independent
of the choice of v, € SLa(Z,). Since the action of w, on K, differs from that on SLy(Z,)
only by constant factor (see Definition 4.3), we obtain the same result for v,~" € K.

5. THE HECKE ALGEBRA H(Q,//K,;,wp)

In this section we will describe the structure of the local vector valued spherical Hecke alge-
bra H(Q,/ /K, wp) associated to the pair of groups (Qp, K,) and the local Weil representation
wp. For each prime p we will introduce a Satake map, which allows us to understand the struc-
ture of the corresponding Hecke algebra. For primes p 1 |D| the Hecke algebras are isomorphic
to the scalar valued algebras defined by the same groups. These are well understood thanks
to the classical Satake map. If p divides |D|, the algebras H(Q,//K,,w,) are considerably
more complicated because w,, is non-trivial. However, under certain restrictions for D, we
will define a modified Satake map, which maps H(Q,//Kp,wp) to a simpler algebra, whose
structure can be easier determined.

The following general facts about spherical Hecke algebras can be found in many places
among them [BK], chapter 4, [Ho|] and [Mul].

Definition 5.1. Let G be a locally compact group GG, K an open compact subgroup and
p: K — GL(V) arepresentation of K. The Hecke algebra H(G//K, p) of p-spherical functions
is the set of functions f : G — End(V') which are

i) compactly supported modulo K, i. e. each f vanishes outside finitely many double
cosets KgK and satisfy
ii)

f(k1gka) = p(k1) o f(g) o p(ka) for all k1, ke € K and all g € G.
Since each element f of H(G//K, p) is of the form

9) = ai(fi)(9)
=1

where f; is an element of the subspace of functions of H(G//K,p), which vanish outside
K g;K, the whole algebra is generated by the functions f;. Similarly, we denote by H(G//K)
the set of functions f : G — C, which are compactly supported modulo K and K-bi-invariant,
i. e. f(kigks) = f(g) forall k1,ke € K and all g € G. We call H(G//K) also a Hecke algebra.

It is well known that H(G//K, p) is an associative C-algebra with respect to convolution

(5.1) (1 £2)(g / Aih)o fo(hlg)dh = 3 fu(h) o folh~lg),

heG/K

where dh is the standard Haar measure on G normalized by | g dh =1

In order determine the structure of H(G//K, p), in view of the remarks before, it is useful
to study the space of functions in this Hecke algebra, which vanish outside a single double
coset KgK. It can be described in terms of intertwining operators of p associated with g. To



16 OLIVER STEIN

state the corresponding result, we fix some notation. For ¢ € G we mean by K9 the group
gKg~! and write p, for the representation h + p,(h) = p(g~thg) of K9. As usual,

Homgnka(p, pg) ={F :V — V | F is linear and F o py(h) = p(h) o F for all h € K N KY}.

Then we have

Lemma 5.2. Let g € G. The subspace of H(G// K, p) consisting of functions supported on
KgK, is isomorphic to Homgngs(p, pg)-

Proof. The assertion is well known (see e. g. [BK], Chapter 4). Nevertheless, for later
purposes, we indicate a proof by giving the maps of the claimed isomorphism (without further
explanation).

If f e H(G//K,p) with f(g) # 0 supported on K¢k, then it easily checked that f(g) €
Homgnks(p, pg) (non-zero). On the other hand, if 0 # F € Homgngis(p, pg), we put
f(g) = F and f(ki1gks) = p(k1) o f o p(k2) and obtain thereby an element of the above stated
subspace of H(G//K, p). O

The following Lemma ensures that the groups @, and K, meet the conditions of Definition
5.1. It might be known. Since I have not found it in the literature, I state it here and add a
short proof.

Lemma 5.3. i) The group K, is an open compact subgroup of Q.
ii) The group Q, is a locally compact subgroup of GLa(Qp).

Proof. 1t is well known that GL2(Q)) is locally compact. By Lemma 8, 1.3, of [Ch], it follows
that Q, is also locally compact. By [Kal], Thm. 2.15, we know that (Z];)2 is an open subgroup

in Z,; Therefore, k) is an open subgroup in GLa(Z,), which implies that is is also closed (see
[HW], Thm. 5.5). As Q, N GLy(Z,) = K,, we find that K, is a compact subgroup of Q,,.
O

Note that there is analogue of the Cartan decomposition for the pair (Q,, ICp).

Lemma 5.4. The group Q, can be written as a disjoint union of K,-double cosets:

Q= U /Cpm(pk,pl)le.
k<l
k+ie2z

Proof. The proof is the same as for the Cartan decomposition for GL2(Q)), see e. g. [Mu],
p. 17. In the quoted proof the matrix g = (‘;g) € GL2(Qp) with a # 0 and |a|, >
max{|b|,, |c|p, |d|,} is transformed into

m(a,d — atbe) = kagks,
where ks = n_(—a~te), ky = n(—a~1b) € K,. If we assume that det(g) = p**y? and a = p*s,
then d — a 'be = p***y2s7 1 y, s € Z, , and
m(p*, p?* ") = n(—a"le)g n(—a"to)m(s)m(1, ).

Therefore, all used transformation matrices are contained in K,. We have a similar decom-
position if d # 0, see [KL], p. 208.

Also, note that any two double cosets K,g1/K,, K92/, are disjoint since otherwise the
double cosets GLa(Zp)g91 GL2(Zy), GL2(Zp)g2 GL2(Z,,) would not be disjoint, contradicting
the Cartan decomposition for GLa(Q,). O
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We also have an analogue of the Iwasawa decomposition of GL2(Q)).

Lemma 5.5.

(5.2) Qp = (B(Qp) N p)K
Proof. This follows immediately from the Iwasawa decomposition for GL2(Q,) by the inter-
section with @, on both sides. O

As already noted, there are two cases to consider regarding the structure of H(Q,//kKC,, wp).
It depends on whether p divides | D| or not. In both cases we will determine a set of generators
with the help of Lemma 5.2. Afterwards, we will define a Satake map. If p divides |D|, we will
show - under some restrictions on L,/ L, - that H(Q,//Kp,w;) is isomorphic to a subalgebra
of the spherical Hecke algebra H(Mp//Dp,wp (, ), where
ISLp

SZ(ZP) ={p € S, | wp(n)(p) = for all n € N(Z,)}.

If (p,|D|) =1, H(Qp//Kp,wp) is isomorphic to the classical spherical Hecke algebra
H(Qp//Kp), whose structure is well known. We start with the discussion of the first mentioned
case and consider the latter case subsequently.

To describe the structure of Homy rxs(wp, pg), we need the decomposition of Sp, into
irreducible submodules. This decomposition is well known, see for example [NW], Satz 2,
Satz 4 and pages 521-522. We recall those parts relevant for next lemma. We denote with
Aut(D) the group of all automorphisms ¢ of D satisfying ¢(e(z)) = ¢q(z) for all x € D. Let
further U be a subgroup of Aut(D) and U the dual group of U. It turns out that most
of the primitive characters in U give rise to irreducible represenation. The definition of a
primitive character can be found on page 491 in [NW]. We have to distinguish between the
two possible anisotropic modules. For the case A;@.A}) Nobs and Wolfart proved the following
decomposition of the space S, with respect to the Weil representation

(5:3) Sr, = 55,00) P S5, (00 @ (S, (1, -) @5, (8. ),
XEﬁ primitiv
X*#1
where x; = 1 means the trivial character and

(5.4) St,(x {fESLp | f(ex) = x(g) f(x) for alle.A;,EB.AZl) and alle € U},
' Sp,(t,—=)={f €S, | f(—z)=—f(z) forall z € AL} .
The space Sr,(1, —) is defined the same way by simply replacing ¢ with 1. We write
(5.5) f=h+ >, A+f+f
xeﬁ primitiv
xX*#1

for an element in Sr,, with respect to (5.4). It is shown in [NW] that St (x1) and Sz, (x2) are
isomorphic if and only if x; = x2 or x1 = X2. The remaining modules in (5.3) are (pairwise)
not isomorphic. The isomorphism between Sz, (x) and Sz, (X) is given explicitely in terms of
the generators of S, (x): A generator

(5.6) Fin () = 3 x(e)

eecU
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is mapped to fz(X), where 7z, is (a + b, —b) for p, = (a,b). We denote this intertwining
operator by TX.

5.1. The case of primes p dividing |D|.

Lemma 5.6. Let D, be an anisotropic discriminant form and g = m(pk,pl) € Q,. Put
pg = (wp)g-
i) If k <, then the space Homy s (wp, pg) s generated by the map
l—k)/2
(5.7) T(k,1): e, = Sp 7, o) o T(k, D) () = gil(%j)soz(yp( i) gifgi)@;o).
ii) If D), = AZ @ A}D, then St decomposes into the irreducible submodules For k =1 the
space Homy xa(wp, pg) is then generated by the maps T'(k,k)*, T(k,k)*, T(k, k)*,
T(k, k)t and T'(k, k)~ where

Q(Dp)

TR = 2P TR = SO,
6.9 T 1) (1) = D8 fe TRy () = LT f and
Tk k0 () = L8

and f is an element in Sp, as in (5.5).
iii) If D, = Al, then Sy, decomposes into the irreducible submodules Sp,(t,+) and
Sp,(t,=). For k =1 the space Homy ~xg(wp, pg) is then generated by the two maps

T(k, k)t and T'(k, k)™, where

(5.9) T(k k) (fr + f-) = 9(Dy) 9(Dy)

Gpk (Dp) Gpk (Dp)

Proof. In light of Lemma 5.4, it clearly suffices to choose g = m(p*,p') with k <.
i) First, note that

fr and T(k,k)~(f) = f-.

_ bpk—1
m(p®,p') (25) m@",p) ! = (cpiik & )
In particular, for (¢ %) = n(p'~*) we find that n(1) is an element of K, N Ky. Thus, for any
F' € Homy g (wp, pg) the equation

F owy(m(p®,p") " 'n(1)m(p*, ') = wp(n(1)) o F <= wy(n(1)) o F = F o wy(n(p'™"))
<= wp(n(l))o F =F

must hold. For the last equivalence we have used that the level of L;,/ L, is p. It follows

that the image of F' is a subset of SJL\;(Z” ). Since the identity wp(n(b))cpz(ﬁ) = gp](ﬂ) holds

for all b € Z) if and only if v is isotropic and L;/L, anisotropic, we can conclude that

SZ(ZP ) = (Cgpz(,o). Therefore, F' is a scalar multiple of the map gpz(,/\” ) cpg,o) and has the

claimed form.
ii) The decomposition of Sz, into irreducible submodules is well known. For the quadratic
module A; see for example [NW], Theorem 4. The case of the quadratic module Azt, @ ./411)
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is treated in [NW], Theorem 2 and Section 9, p. 521-522. In the case k = [ the equation
F o py(h) = wp(h) o F simplifies to F o wy(h) = wy(h) o F for all h € ICp. Thus, F is an
intertwining operator for w,. The structure of the space of intertwining operators can be

found in books about representation theory, cf. [JL], Chapter 11. O
Remark 5.7. The factor gg Z((DI")’i) is not necessary. We introduced it for reasons of compati-
p

bility (see Theorem 6.9 for that matter).
In view of Lemma 5.2 and Lemma 5.6, the following corollary is immediate.

Corollary 5.8. Let p be a prime dividing |D| and D,, anisotropic. Then the Hecke algebra
H(Qp//Kp,wp) is generated by the following elements:

i) Fork <l
(5.10) Thoa(kym(pF, p)ka) = wy (k1) o T(k, 1) 0 wy(ka),

where Ty, ; is only supported on Kpym(p*, p)ICy. Here T'(k,1) is the intertwining oper-
ator specified in Lemma 5.6, 1).

ii) For k=1
(5.11) T (kam(p", p¥) k) = wp(k1) o T(k, k) 0 wy(ka),
where Supp(TISI)C) = K,m(p*,p*)K, and T(k, k) is one of the operators
T(k, k)X, T(k, k)X, T(k, k)", T(k, k)~ or T(k, k)X*
gwen in Lemma 5.6, ii).
The following theorem investigates the structure of the Hecke algebra H(M,//D,, wp‘s ivp(z") )
assuming D, is anisotropic.

Theorem 5.9. Let p be an odd prime dividing |D| and D, anisotropic.

i) Then
) ,0 p—
wp(m(tl,tQ))gpl()O) _ {((%)) op’y |Dpl =p,
(5.12) N Sy

= XD, (t2)¢

for all m(t1,t2) € Dp.
ii) Then Sivp(zz’) is equal to Cgo,(jo) and the Hecke algebra H(M,,/ /Dy, wp|sN<ZP)) isomorphic
L

P

to the scalar valued Hecke algebra H(My//Dp).

Proof. As already mentioned in Section 3, the order of an isotropic quadratic module D, is
either p? or p.
i) Let m(t1,t2) € Dy with det(m(t1,t2)) = t* € (Z))?. Then by (4.15)

wp(mty, t2))ey) = wp(m(t, t))wp(m(t 1,1 1))l

_( t >( t= 14, ><p<0)
\Lh/Lpl ) \|L},/Lyp| ) 7P

where we have used (4.8) and (4.14). The claimed result now follows.
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For ii) we first note that if L /L, is anisotropic, the space SZD(Z" ) is equal to (Cgoéo) and

thus one-dimensional. From i) we know that D), acts via w, on SZ(Z” )

by multiplication with
the quadratic character xp,. Consequently,

H(MP//DP7 WP‘SN(ZP) )= H(MP//Dp7 XDp)a
Lp

where the latter Hecke algebra is meant in the sense of Definition 5.1 with the one-dimensional
representation p = xp,. The structure of the latter algebra was discussed in [Ho], Remark
5.1. It was stated there that H(M,//D,, xp,) is isomorphic to the usual spherical algebra
H(M,//D,). To state this isomorphism explicitly, we specify a set of generators for the
former algebra. It is generated by elements of the form

Tia(m(te, t2)m(p", p)m(s1, s2)) = xp, (m(t1,t2)) o T(k,1) o xp, (m(s1, 52))

with
T(k, l) == ﬂme(pk,pl)Dp ldsi\/(Zp) .
r
The isomorphism is then given by
(5.13) Tk,l = ﬂme(pk,pl)Dp . idSN(Zp) — XDka,b

Lp
where have extended xp, trivially to a quasi-character on the whole group M, (see also
[Hol). O

We now define the before mentioned Satake map to further clarify the structure of H(Q,//K,, wp)
and to connect it to the algebra H(M,//D,).

S H(Qp/ /Ky, wp) — H(Mp//pmwp‘siv(zp))a

(5.14)
T | m— 8(m)"/? Z T(mn)‘si\](zp)
neN(Qp)/N(Zp) i
Remark 5.10. i) Note that this definition is analogous to the one given by Herzig ([He])

mlo)im

over a field in characteristic p. The modulus character § ( 0 me) = |me

is also part
p

of the classical Satake map (see e. g. [De], Chap. 8), where it ensures that the image
of the Satake map is invariant under the natural action of the Weyl group. Herzig
omitted the modulus character in his definition of the Satake map as it does not
produce the invariance under the action of the Weyl group. Nevertheless, we keep it
in the definition of S since it indeed does share the property of invariance under the
Weyl group.

ii) With the same arguments as after the statement of Theorem 1.2 and as in its proof
(Step 0) in [He], it can be proved that S is a well defined map. To prove that S is a
C—algebra homomorphism all calculations of Step 2 in the proof of Theorem 1.2 in
[He] remain valid in our situation.

As is shown in Lemma 5.6 and Corollary 5.8, the space of maps in H(Q,//Kp,wp) with
support equal to ICpm(pk, pk)le is two-dimensional or of higher dimension if wj, is considered
on the whole space Sr,. If we restrict ourselves to an irreducible subspace of S, the before
mentioned space is one-dimensional. On the one hand, this condition would guarantee that
the Satake map (5.14) is indeed an isomorphism (without it, (5.14) is not even injective, as
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is easily checked). On the other hand, it is to restrictive for our purposes. So, in order to
obtain an isomorphism between H(Q,//Kp,wp) and a subalgebra of H(Mp//Dy,wp ()

via (5.14), we restrict H(Q,//Kp,wp) to a subalgebra where the space of maps supported on
the double coset ICpm(pk , pk)le is replaced with the subspace generated by the operator

T (kim(p®, p')ka) = wy(k1) o T(k) o wy(ks) with
T (k k) + 30, TX(k, k) + T*(k, k) + T~ (k,k), for AL & AL

el primitiv
(5 15) T(k) = X2761
' TH(k, k) + T (k, k), for A}
. g(Dp) .

= idg, .
Gpk (Dp) tr

It will turn out that T'(k) is compatible with the Hecke operator T'(m(p~*,p~*)), see Theorem
6.9, which is the rationale for this choice.

For the next theorem we fix some notation:
Let N(Mj) be the normalizer of M, in Q,. Then the group N(M,)/ M, is called Weyl
group. It is isomorphic to the symmetric group S2 and acts on M, by changing the entries
tl, tg of a matrix m(tl, tg)‘

Let k,l € Z with k < I. By H*(Q,//Kp,wp) we mean the subalgebra of H(Q,//K,,wp)
generated by T with

T — {Tm, k< l,

T, k=1

as specified in Corollary 5.8. In order to state results for all generators of H*(Q,//Kp, wp) in
subsequent sections we often write T}, 5, instead of T}. Furthermore, let

Tk = ﬂDPm(pk»Pk)Dp ’ ldSLp’

Tkl = HDPm(PkﬁDl)Dp + ]lem(plvpk)DP ’ ldSLp :

Then we denote by H" (M,,// Dy, w, N(Zp)) the subalgebra of H(M,//Dp,w, N(Zp)) gener-
|SLp |SLp

ated by 73,; and 75, which is nothing else but subalgebra of all elements of H(M,//Dp, w,

)

N(Zp)

invariant under the Weyl group W.

Theorem 5.11. Let p be a prime dividing |D| and L;,/ L, anisotropic.
Then the Hecke algebras HY(Qp//Kp,wp) and HWY (M / /Dy, wyp N(z,)) are 1somorphic.
|SLp

Proof. In view of Remark 5.10, it suffices to prove that S is injective and surjective. To this
end, we compute S(T') for a non-zero T' € H(Q,//Kp,wp). By Corollary 5.8, we may assume
that T' is either T}, ; or T},.

We first consider the case k < [. Thus, T = Tjy; € H(Qp//Kp, wp) with supp(Ty,;) =
Kpym(p¥, pH)ICp. Let m(p®, p?) € M,, for arbitrary i,j € Z with i < j and i + j a square. One
can prove (see [De], Lemma 8.24) that m(p’, p)N(Q,) N Kpym(p*, p!)KC, # 0 if and only if
1,7 > k and i + j = k + [. Therefore,

(5.16) supp(STy1) C {Dym(p”, p" ™ "")D, | v =k,...,1}.
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For z = 0 it is obvious that m(p”,p**'=)n(0) lies in K,m(p*,p")K, if and only v = k
or v =1 Let0#z=p"swithr <0 and s € Z;. Employing the Cartan decomposition
produces for all v

(5.17)  m(p”, P )np"s) = n_ (P m(pt T P T m(s)n(—p s w

if k+1—2v—7r > 0. It follows for v = k, ..., I that the matrix m(p”, p*T=")n(p"s) lies in the
double coset Kpm(pk,pl)le if and only if r = k — v. Thus, for v = k+1,...,] — 1 the sum
>2€Q,/Z, Ti1(m(p”, p*=")n(z)) runs over all elements of the form = = pF~"s, s traversing
the set

v—k—1
u<u>={ S it | 30 € (Z/pZ)* and z; € Z/p, izl,-..,v—k—l}.

i=0
Ifk+1—2v—1r <0, we find
(5.18) m(p”, ") (p"s) = n(p® T s )m(p”, pFTY).

Obviously, m(p”, p*=")n(p"s) is contained in K,m(p*, p')K, if and only if v = k or v = L.
In the latter case,

(5.19) m(pu7pk+lfu)n<prs) _ n(plik+r8)w71m(pk,pl)w.

As k+1—2v—r < 0is equivalent to r > k+I—2v, for v = [, the sum erQp/ZP Ti(m(p!, p*)n(x))
runs over all € Q,/Z, with |z|, < [ — k. Assuming a representation of the form x = p"s,
we may put r = k — [ and write

Z Tia(m(@',p")n(@)) = Z Ty (m(p', p*)n(p"s)),
$EQP/ZP seu(l)o

where

I—k—1
Z/I(Z)O:{ Z zip' | xo = 0 and z; € Z/pZ, z':l,...,l—k—l}.
i=0
Note that |s|, < 1 for all s € U(1)°.
Consequently, U(1) UU(I)° contains all principal parts z in Q,/Z, with v,(z) > k — 1. As
already pointed out, these are all x, for which T}, ;(m(p!, p*)n(z)) is non-zero.
By means of the decomposition (5.17), we are now able to compute (ST};)(m(p”,p*7))

explicitly for any v € {k,...,l}. Since the computations for v = [ are more complicated, we
treat them separately afterwards. Thus, let v € {k,...,l —1}. Then
(5.20)
Z T, (m(py’pk—&—l—u)n(%))‘SN(ZP)
2€Qp/Zp Lp
2sctt() Tt (m(p”, P71 )n(p"s)), g¥e, VER,
— P
Tk,l(m(pk,pl))lsi\f@p), v==~k
P
S ecu(w) wWo(n-(p'77s7 1)) o Ty (m(p*, p)) o wp(m(s)n(—z?”*ksfl)’UJ)|SJLV<Zp>7 v#Ek,
= P

Tkyl(m(pkapl))lsg@p)’ v==k.
P
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Since the level of L;,/L, is p, the last expression in (5.20) for v # k, I simplifies to

Z Tk,l(m(p ,p))O(/Jp (m( ) )‘SN(ZIJ)

seU(v)

With the help of the explicit formulas (4.7) of w, and Lemma 5.6, we obtain

(STk,l) (m(p”7 pk-l—l—u)) (0)

oiy1/2 Ye(L 51y
= §(m(p”, p*t!~ ))/|L,/L |1/2 > Z( /Lp‘> A(mF, Pl

YEL, /Ly s€U(V)

S (3, PN 2 (L L) L L PO, i 1Lyl =
In view of the discussion above, for v = [ we have
(5.21)
> Tium(p, pF)n(z)el?) =
2€Qp/Zy
> wpn(sTNT(mP*, p'))wy(m D+ 3 wp(w ) Tea(m(p*, p)wp(w)el.
seU(l) seu(l)°

With the help of Lemma 4.1 and the calculations before, it can be verified that the first
summand of the above expression is equal to

<|L/1L|) WL/ Lyl 30 D lsap)ep”
p /4

seU(l) vpeLy, /Ly

= > | u@ S elwoan) | eb”,

vp€L, /Ly z0€(Z/pZ)>

(5.22)

where we exploited for the last equation the fact that level of L, is p and that ~,(L;,/ L,)? =

(ﬁ) (see e. g. [Ze], p. 73). Similarly, the second summand can be evaluated to be
p
(5.23) DI

vpEL) /Ly

Replacing the right-hand side of (5.21) with (5.22) and (5.23), yields
Z Tk,l(m(Pl,Pk)n(x))%(;o)

2€Qp/Zyp

=u®’ Y Y elway) | ob”

vp€Ly, /Ly \x€Z/pZ

= [U(1)°[pp .
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Here we have used the standard formula for the Gauss sum }°, 7 7 €(2q(vp)). This leads us
finally to

(5.24)

(ST (mitr,t2)) = 2L gmt1, 1)) 2
Qpl(Dp)

Loymipt ), 1 gy m(t1, t2) = m(p", p),
5P’YP(L;/D/LP)|L;7/Lp|1/2|u(y)|]]'me(p”,pk+l*”)Dp idSJLV;th m(ty, t2) = m(p”, p"="), v # k,1
plikﬂppm(pl,pk)% idsgp‘ZP)’ m(ty, t2) = m(p', p¥),
0, otherwise,

_ 9WDp) ri-n,
gpl(Dp)
Lp, m(ps oD, idsgfw m(t1,t2) = m(p¥, p'),
(sp'Yp(L;)/Lp)]].me(pu’pk-y—l—y)pp idSJva(zp), m(ty, te) = m(p’/jpk“f'l—l’)’ vkl
Lp,m(p!p*)D, idsggzma m(t1,t2) = m(p', p¥),
0, otherwise,

where 6, = 1 if [L} /L,| = p* and zero otherwise.

If k = 1, it follows from (5.16) that supp(ST},) = Dpm(p*, p*)D,. The same thoughts as for
k < I after equation (5.19) yield

(STh(m(p", ) = Ti(m(p",5) g

4(D,) '

= ——~1p m@pkp)D id _nzp) -
gpk(Dp) P ( )Dp sy

From the above follows immediately that S is injective. For the surjectivity it suffices to proof
that 7, and 7, ; are contained in the image of S. This can be done almost verbatim as in [De],
p. 212. O

Whenever p divides |D| and we deal with Elements T}, ;, T}, or 74, 71, of either of the Hecke

algebras HT(Q,/ /Ky, wp) or HWV (M,,/ /Dy, wyp ), we mean the above stated and assume

sV Cp)
P

that L,/ L, is anisotropic.

5.2. The case of primes p not dividing |D|. We denote with H(M,,//D,)" the subalgebra

of all elements of H(M,//D,) invariant under the Weyl group W. In this case it easily seen
that H(Qp//Kp,wp) is isomorphic to H(M,//D,)"V.

Theorem 5.12. Let p be a prime coprime to |D|. Then the Hecke algebras H(Qp//Kp, wp)
and H(M,//D,)" are isomorphic as algebras.

Proof. By Lemma 3.4 in [St], we know that L, is unimodular and w, is the trivial represen-
tation on the space Sp, = (C(,O](DO). A basis of H(Q,//Kp,wp) is then given by

{Vcymppire, sy, 1h0€ AL},
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where Ly, pk pt)k, 18 the characteristic function of Kpym(p*, p)KCp. The composition of

F: H(Qp//lcp,wp) — H(Qp//lcp), ]l](:pm(phpl)]cp : idst = llcpm(pkml)lcp
with the classical Satake map (see e. g. [De] or [Cal) gives the desired isomorphism. O

For later purposes, we conclude this chapter with the observation that #(M,//D,) can be
identified with the group algebra C[M,/D,] via

ﬂme(p’“,pl)Dp = ]lm(pk,p’)Dp'

6. HECKE OPERATORS AND THEIR RELATION TO H(Q,//K,,wp)

In his thesis [We], Werner introduced a generalized version of the Hecke operators T'(m?)*
defined in [BS] (see Section 3). Most notably, an extension of the Weil representation from
SLo(Z/NZ) to GL2(Z/NZ) (N is the level of L) was specified without the condition that the
parameter m has to be a square. Werner also laid the foundation of an adelic description of
these generalized Hecke operators. In particular, he assigned to each vector valued modular
form a vector valued automorphic form on GL2(A). In this section we continue this work
and embed it into a more general framework of vector valued automorphic forms. However,
we stick to the Hecke operators given in [BS]. As a consequence, we have to work with
the extension of the Weil representation as stated in Section 3 and its adelic counterpart in
Section 4.

6.1. Relation between vector valued automorphic forms and vector valued mod-
ular forms. Instead of working with GL2(A), we consider the restricted product

(6.1) G(A) = H, Qp =1 (9p) € H 9y | gp € K, for almost all primes p p ,

p<oo p<oo
where
Qoo = {M € GLy(R) | det(M) € (R¥)?}.

Note that Ko = SO(2) is a subgroup of Q. The group G(Q) can be embedded diagonally as
a discrete subgroup of G(A). An important decomposition for GLg(A), which will be needed

for the definition of automorphic forms, is the strong approximation. An analogous result
holds for G(A).

Theorem 6.1. Let K =[], Kp C GLa(Ay). Then
(6.2) g(A) = G(Q)(Qeo x K).

More generally, let U =[]
det(U) = (Z*)2. Then

p<ooUp be any open compact subgroup of K with the property that

G(Ay) =6(Q) U and

G(A) =G(Q)(Qu x U).

Proof. A proof for the classical result for GLa(A) can be found in many places among them
n [KL], Section 5.2 and Section 6.3. One can check that the the proofs of Proposition

5.10, Proposition 6.5 and Theorem 6.8 of [KL] carry over to the analogous statements in our
setting. 0

(6.3)
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In [KL] and [Ge] functions f : GL2(Q) \ GL2(A) — C with certain properties were related
to (scalar valued) modular forms. Here we consider G(Q)-invariant and Sz-valued functions

GQ@\G(A) = S

with a similar goal. With respect to the basis (¢, ).ep of Sp, such a function can be written
in the form ' =3 p Fupu. In view of (4.5) and (4.6), we will consider only factorizable
functions, that is, only those Sp-valued functions F', which possess a decompostion of the
form
F(¥(goo % 9£)) = ) Fp(goo: 9p);
p<oo
where

Z)\GL’/L 1) oo(goo)F/\,p(gp)‘:oz(7 )7 p|IDl,

Fp(9s0: 9p) = {
: : o), p1|D|.

Using the bilinearity of the tensor product, we have

F(g) = Z F)\poo goo) H F)\p,p gp ® (p(/\p :

()\p)p€®p<oo L, /Ly p<oo p<oo

Note that F' is well defined since any occurring sum, product or tensor product is finite.

We denote the subspace of all these functions F': G(Q) \ G(A) — Sr with Fr. Associated
to the Weil representation wy of G(A¢) on the space S;, and analogous to the corresponding
scalar valued space in [KL|, we define
(6.4)

i)  F), is measurable for all € D

9 B i) F(zg9) =wys(zf)"1F(g) for all

L (g(@)\g(A%wf)* FerFrL Z_ZQ(ZOOXZJC)GZ(A)
iii) fg(@ NG (A ||F( )|IPdg < o0

and

Lj(wy)
= {F € L*(G(Q) \ G(A),wy) | /N(Q)\N( )Fu(ng)dn =0forall ue D, a. e. g€ G(A) } :

Here by
i) [|[F(g)||*> we mean (F(g), F(g)) as defined in (4.4),
ii) G(R) = Z(R) \ G(R), where Z(R) is the center of G(R),
iii) dg and dn we mean the Haar measure on G(Q) \ G(A) and N(Q)\ N(A), respectively.
Measurability for each component function F), is meant in the sense of Proposition 7.15 of
[KL]: F), can be written as a product [ [, F},p(gp), each component satisfying:

i) F,p: Qp — Cis measurable for all p < oo
ii) F“’p\ch =1 for all p ¢ S, where S is finite set of places.

The above integrals over G(Q) \ G(A) and N(Q)\ N(A) are explained in [KL], Proposition
7.43 and Proposition 12.2, and meant in the very same way. Also note that the integral in
iii) of L%(G(Q) \ G(A),wy) is well defined as F satisfies ii) and the Weil representation w; is
unitary with respect to (-, ).
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Werner assigned in [We], Def. 49, a C[D]-valued Function Fy on G(Q)\G(A) to a cusp form
f € Sk(pr). We adopt his definition to our setting, which basically means that we replace
the group ring with the isomorphic space Sf..

Definition 6.2. Let f € Si(pr) and g € G(A) with g = V(9o X k), where v € G(Q), goo € Qoo
and k € K. Then in terms of this decomposition we define a map <7
(6.5) frr(f) = Fp with Fy(g) = wp(k) ™ j(goc, 1) 7 f(goci)-

Lemma 50 in [We] shows that the definition of F in (6.5) is independent from the decom-

position of g. Moreover, from its definition it follows immediately that F; is G(Q)-invariant.

Proposition 6.3. Let f € Si.(pr). Then the assigned function Fy on G(Q)\ G(A) lies in the
space L*(G(Q) \ G(A), wy)-

Proof. i) By definition the p-th component of Fy is given by
(Fp)u(g) = (wr (k)™ 5(goor )" f (goot), M)
(66) . N\ —K . —1 k (Ap) (kp)
—](goo,l) Z f)\(gool) H <wp ( p)%pp y Pp >7
AeD p<oo

where g = Y(goo X k). It is well known that j(goo,?) " f1(goo?) is measurable on Q.
as fy is a scalar valued cusp form for I'(N) (cf. [Ge], §2, for this case). As a result of
the discussion in Chapter 4, we have that wy, is trivial for all p { N. For p | N we find
by means of the explicit formulas of w, (see e. g. [BY], p. 645, or [St], Lemma 3.4)
that wy, is trivial on the subgroup

™) = {(25) €Ky | (25) = (59) mod p )z, |

and factors thereby through /C,/ le(pordP(D )) for each p dividing N. Since
KCp(p°rdr(P)) has as compact subgroup a finite measure, (wy, Y(kp)oh?, ©p”) is a mea-
surable function for all primes p. We then obtain that (Fy), is measurable in the
above stated sense.

ii) Let 2z = 2g(200 X 2f) € Z(A). Then it follows immediately from the definition of F
that Fr(zg) = we(zp) " Fr(g).

iii) It can be verified that Proposition 7.43 and the discussion before of [KL] is also valid
in our situation. We have to check that all steps of the proof are still working if we
replace the involved groups by the corresponding groups in our setting. This is in fact
the case, some steps are even easier since we only have to deal with matrices whose
determinant is a square. As a result, we may replace the integral over G(Q) \ G(A)
with the corresponding integral over DX, x IC. Here D is a fundamental domain for
I'(1) \ H interpreted as subset of SLa(R). Following the proof of Proposition 12.15 in
[KL], we find for FY

/ IFp(g)2dg = / / 1Fy(g x k)| 2dkdg
G(Q\G(A) DKoo JK
- /D 13(900, )" F (g0ed) |2dg,

where we have used that wy is unitary with respect to (-, -) and that the Haar measure
on @, is normalized to be equal to one on K, for p < oco. If we identify g..? with an
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element 7 € I'(1) \ H, the last integral in (6.7) becomes
. dzdy
[P g <,
I'(1)\H Yy

which is the Petersson norm of f € Sk(pr). Therefore, the L?-norm of Fy is finite.
]

Lemma 6.4. Let f € S.(pr) and Fy the assigned automorphic form given by (6.5). Then

/ F,(ng)dn =0
N(@\N(4)

for almost every g € G(A) and all p € D.

Proof. The proof proceeds along the lines of the one of Proposition 12.2 in [KL]. Let n =
n(rg)(n(re) X n(zy)) € N(A) and g = (9o X g¢) € G(A). Then the definition of Fy and
wy yields

Fu(ng) = (3(goo,1)~"j (n(2c0), gmi)_”w;l(gf)wfl(n(fvf))f(n(ivoo)(gooi)%¢u>

= 3(Go0r 1) G ((T00), Goot) ™ Y (= 5q(1)) fu (1(00) (goei)) (W] (97)P0rs Pp)-
veD

As suggested in [KL], Prop. 12.2., we calculate more generally for r € Q

/ Fy(n(z)g)(rz) da
N(Q)\N(A)

(68) :j(goo,i)_H Z<w;1(9f)90u790u>><
veD
/N(Z)\(N(R)XN(Z)) wf(_qu(y))f"(n(xoo)(gooi))woo(moo)lbf(rxf)da:fdg;oo_

We can write the integral in the last expression as
1
/ fu(n(xm)(gooi))¢00(r$oo)/ _Yr((r—q(v))zp)dr pdas,
0 N(z)

where the integral over N(Z) is one if and only if r € Z + ¢q(v). For such r (note that
Yoo(Too) = €(—Zo)), taking into account that fol fo(Zoo+T)e(—r2oo)drse = e(r Re(r))a(v,r),
where a(v,r) is the Fourier coefficient of f with respect to (v, ), we finally obtain

=J )" wy! vs e(rRe(1))a(v,r),
/N(Q)\N(A) Fu(n(x)g)gb(rw)dx—](goo, ) Z< f (gf)gD 90u> (rRe(7))a(v,r)

veD
where 7 = gooi. Since f is a cusp form, we have that for » = 0 all coefficients a(v,r) vanish.
This gives the desired result. U
The image of S, (pr) under the map 7 in (6.5) can be characterized more closely:

Theorem 6.5. Let A, (wy) be the space of functions F € LE(w) satisfying
i) F(gk)=ws(k)"LF(g) for allk € K and all g € G(A)

ii) F(g (_CCS’ISIE?(;) zg;((z))>) = e F(g) for all 0 € [0,27) and all g € G(A)
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iii) All the components F), of F, considered as a function of Q. alone, satisfy the differ-
ential equation LF),, = 0. Here L is the differential operator given by

- 0 0 0
_ =20 [ _o; .
(6.9) L=ce < 250+ 25+ 269>

with respect to the coordinates referring to the decomposition

- 1 =z y% 0 cos(0) sin(0)
(610) Goo = R0 <0 1> < 0 y%) (7sin(0) COS(@))

0f goo € Qoo-
Then the map </ defines an isometry from Si(pr) onto Ag(wy).

Proof. This theorem is well known for scalar valued automorphic forms, see e. g. [Ge| or
[KL]. Most parts of its proof can be settled with reference to the proof of its scalar valued
analogue.

Let f € Sk(pr). It follows from Proposition 6.3 and Lemma 6.4 that Fy € L3(wy). The
assertion in i) is proved in [We], Theorem 51, the one in ii) results from a straightforward
calculation analogous to the scalar valued case (see [KL], Proposition 12.5). For iii) note that
Fl(goo % 1f) = y*/2e™M f,(x + iy) if we decompose goo € Qo according to (6.10). The same
proof as in [KL], applied to each component F),, establishes the result using the assumption
f € SH(PL)-

Kudla [Ku] defined a map that assigns to a vector valued function F' on G(A) a vector
valued function fr on H:

(6.11) Fe fp, fr(1) =3(gr,1)"F(g- x 1y),

1 «x y% 0

0 1 0y 2
well-defined and that it is the inverse map of &7 (see [KL], Prop. 12.5, for the corresponding
scalar valued result). It remains to show that fr is an element of S (pr) for any F' € A.(wy).
Kudla proved that fr transforms like a vector valued modular form with respect to wy if
F e Ai(wyf) ([Ku], Lemma 1.1). Since each component of F' satisfies the differential equation
in iii), it follows that each component of fr is holomorphic on the upper half plane (see [KL],
Prop. 12.5). In view of these two properties, fr possess a Fourier expansion, see [Brl], p. 18.
By Proposition 6.3 we know that the Petersson norm of fr coincides with the L? norm of F,
it is in particular finite. One can prove in the same way as in Prop. 3.39 of [KL] that fp is
an element of S, (pr). Thus, the map in (6.5) is surjective and an isometry. O

where g, = > and 7 = g,¢t = x + iy € H. It is easily seen that this map is

6.2. The action of H(Q,//K,,wp,) on A,(ws). The goal of this subsection is to define an
action of G(A) via the Hecke algebra H*(Q,//K,,wp) on the space A, (wy) of vector valued
automorphic forms. Since HT(Q,//Kp,wp) acts only on the p-component of an element
F € Ax(wys), we need to complement the contribution of H*(Q,//Kp,wp) with suitable
operators on the other places. The envisaged action will be defined in such a way that it is
compatible with the action of Hecke operators on S, (pr). Werner proposed in [We], Chapter
6, the definition of an adelic vector valued Hecke operator mimicking Gelbart’s approach of
an adelic scalar valued Hecke operator. Our approach is slightly more general and transfers
the action of the spherical Hecke algebra in [Mul], § 6, to the vector valued setting.
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Definition 6.6. Let p € Z be a fixed prime, g = 7(9c X g¢) € G(A) and T}, € H(Qp//Kp, wp).
Then we define for a fixed h € G(A)

(6.12) R'(h): Fp — Fu, Fes RE(F = &) Ry (hy) Fy
g<oo
with
Ty _ Fy(9goos 9ghg), q#p
(6.13) Ry"(hg)Fy(gq) = {Tp(hp)(Fp(gm,gp)), P
The operator
(6.14) T Ag(wp) = A(wy), TR(E)9) = > R (p(ap)) Flgep(xy))
p€Qp /Ky

can be interpreted as a vector valued analogue of the construction in [Mul] (see Section 2
for the definition of ¢,). For the sake of better readability, we omit the argument g in the
subsequent calculations and assume tacitly that the local functions also depend on gu.

Remark 6.7. i) If we decompose 7 ’# into into its components, we obtain
(6.15) T (F ® Fy(g4) @ Z Tp(p) Fp(gpp)
a#p zp€Qp/Kp

Since T), € H(Qp//Kp,wp) has compact support, the sum in (6.15) is finite. It can be
verified by means of Theorem 6.5, i), and Definition 5.1, ii), that (6.15) and therefore
(6.14) is independent of the representative z,, € Q,/K,, and thus well defined. We will
show later in the paper that 777 (F) is indeed contained in A, (wy).

ii) Let p be a prime, T}, T;s € H(Qp//Kp,wp) as specified in Corollary 5.8 and Theorem
5.12. Then by a straightforward calculation, using (6.15) and the bilinearity of the
tensor product, we obtain

T It (F) (g) = aT4(F)(g) + yT 7 (F)(g)

for all F € Ay(wy), all g € G(A) and all z,y € C.
There is also a compatibility relation regarding convolution:

TT’“’Z*TT’S(F)(Q) = ® Fy(gq) ® Z Z Tio(yp) © Trs(y p) (Fp(gpzp))

a7#p zp€Qp/Kp \Yp€Qp/Kp

Here Tj,; * T, s is the convolution of Tj; and T s (cf. (5.1)). Since both sums over
9p / K, are finite, we can change their order and obtain

®Fq(gq) ® Z Z T (yp) o Ty S( p)(Fp(gpxp))

q;ép yPEQp/’Cp J?pEQp/’C

= Q) Falgg) @ D> Trs(z) > Tra(yp) (Fplgpyp)

q#p Zpegp/lcp yPEQP/’Cp
= TP o TIH(F)g),
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where we have made the substitution z, =y, 1xp in the second last equation and used
the fact that Ty 0 T, s = Ty s 0 Ty for all Ty, Ty s € H(Qp//Kp, wp).

Lemma 6.8. Let p be a prime, Ty, € H(Qp//Kp,wp) as given in Corollary 5.8 and Theorem
5.12 and F € Ax(wy). Then T Tk

i) is G(Q)-invariant and
i) fulfils

Thet(F)(gk) = w;l(k)TT’“vl (F)(g) for all k € K and all g € G(A),
Thet(F)(2g) = wj?l(zf)TT’“»l(F)(g) for all z € Z(A) and all g € G(A).

Proof. i) Since F € Ay(wy) is G(Q)-invariant, the same holds for 77%(F) as can be
seen in (6.15).
ii) By Theorem 6.5, i), and Definition 5.1, ii) we have

Tlet(F ®F 9gkq) ® Z T 1 (wp) (Fp(gpkpp))

q#p zp€Qp/Kp

= ®wq_1(k:q)Fq(gq) ® Z T a (k' yp) (Fy (9p¥p))

a#p yp€Qp/Kyp
@i ko) Fol9g) © (ko) (S, c0,/x, Tha(wn) (Folgm))) i plI D)
®urp s k0 Fol9a) @ (00,1, Tea o) Folgsup) ) it pf|D|

= W ()T () (g).

For the second equation we used the substitution y, = k,x,. This settles the first
claimed identity.

For the second identity we make use of the fact that F' € A, (wy) and that w,(z,) acts
for z, € Z(ICy) on Sp, by multiplication with a scalar (cf. (4.14)), which commutes
with the operator T} ;. Let z = 2g(200 X 2f) With 25 = (2¢)g<00 € K. Then

TTet(F ®w ) ® Z T () (Wp(2p) ™ Fp(gptp))

q#p zp€Qp/Kp
= Wi (zp) T™RU(F)(g)-
O

Let p be a prime, k,l integers with k¥ < [ and k + 1 € 2Z, Ty,; € H(Q,//Kp,wp) as in
Corollary 5.8 or Theorem 5.12 and 7 7+! as in Definition 6.6. We now show that the map
o/ commutes with the Hecke operators 77+t and T'(m(p~*,p~")) on both sides and thereby
confirm that 77k indeed preserves Ay(wy). For a prime p { |D| this result was in principle
proved by Werner (cf. [We|, Theorem 53), but not in our framework and not for a general
Hecke operator T'(m(p~*,p!)).

Theorem 6.9. Let p be a prime, k,l € Z with k < 1 and k+ 1 € 2Z. If p divides |D|,

let Tyy € HT(Qp//Kp,wyp) as in Corollary 5.8. If (p,|D|), let Tiy = Li,mpk piik, ids,, €
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H(Qp/ /Kp,wp) be as in Theorem 5.12. Further, let T be as in Definition 6.6 and
T(m(p~*,p™")) the Hecke operator as defined in Section 3. Then for any f € S.(pr) we have

(6.16) TRl (Fy) = B 040G =0 g (o 1) 17

where Fy is the automorphic form related to f via the map <.

Proof. We know from Lemma 6.8 that for any g = v(goo X k) € G(A) we have

TH(Fp)(v(goo X k) = T (Fp) (900 x 17) (1 % k)
= w;l(k:)TT’“J(Ff)(goo x 1p).

The same holds for Fp7< D pmpt 1y SR it is an element of A(wy). Hence, it suffices

to prove (6.16) for g = goo X 1y.
The proof is an adaptation of the one of Lemma 3.7 in [Ge]. We have

(6.17) TTk’l(Ff)(Q) = Z RTM(Lp(xp))Ff(QLp(xp))‘
xp€Qp/Kp
Following an idea of Gelbart we set
v=(xp,...,Tp,...) € G(Q),
k(zp) = (mgl,...,xljl,l ol ) ek,

PrFp o
-T;I € Qoo,
where the 1, in k(xp) is at p-th place. With these notations it is easily verified that
tp(wp) = ’Y(x;I X k(zp))-
Therefore, the right-hand side of (6.17) becomes

D R () Fr(y (), goo X k(xp)))-
zp€Qp/Kp

Using the fact that Fy € Ai(wy) and equation (6.6) subsequently, we find that the latter
expression is equal to

Do B (p(ap))wr (k) Fr (e goo x 15)

zp€Qp/Kp
= Y 3@ 900 ) TF D Ay gool) T () (W) (R ())on)-
2p€Qp/Kp XeD

Decomposing RT+! and wy into its local factors, yields
g f

> §(7p goor 1) TF
zpepm(p*,p ) Kp /Ky

37 Ay gool) R wy Ly Ded™ @ Ta(e,) (w, 1(1,)08™).
AeD q#p

(6.18)
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To further simplify the right-hand side of (6.18), we evaluate w, 1(3:; 1) and Ty (zp) on a
concrete set of representatives x,. To this end, we first assume k < [. It is easily seen that
Lemma 13.4 of [KL] carries over to our situation. Keeping this in mind, we can conclude that

{zan=mG" ") (7 ) ls= 1l k=Lbe @/p2)}

l—k — —
U {as = mh o) (7)) 1 e 2/p L) U {m@h p)m(1 ') |
is a set of representatives of lem(pk, pl)le /K, for any prime p. We now distinguish the cases

p | |D| and p 1 |D|. The latter is easier and will be postponed to the end of the proof.
The decomposition

(6.19)

(6.20 e = (53 m . p () € TGyt p
with rp® 4+ bt = 1 and
(6.21) ZL’b_l = wm(p_k,p_l)w_ln(—b) € I‘m(p‘k,p_l)I‘

can easily be verified. Since I' C K, for all primes ¢, these decomposition can also be
interpreted as decomposition in qum(p*k, p*l)ICq for all primes q. If ¢ # p, we may utilize
Definition 4.3 and obtain

wi o) = wy (=) m e (750,

wy Ny h) = wi  (w n(=b))w, (m(p~*, p))w; ! (w).

(6.22)

By Definition 5.1, we further have

I—k—s4\—1 kol r—b) !
Tha(wo) = wpln (=707 o Tha(m(p, ) ow( (5 7)),
Thi(2p) = wp((w™'n(=b)) ") o Try(m(p*, p')) 0 wy(w™).
Following the proof of Theorem 5.9, i), we obtain

(ua)y = 9Da) 60=9"p,)
gpl (Dq)

Moreover, comparing (5.7) with (4.16), it becomes apparent that the identity

(6.23)

wy ' (m(p

Tioa(m(p*, p)) e = wy (m(p™, p~h)) o)

holds. Replacing w, Y(z,) and Ty (zp) in (6.18) with the expressions calculated before and
piecing together the local Weil representations, we arrive at

_ . D) (1—k)/2

6.24 Wil m(p=*, p~ )™ = 9(D) -0/

(6.24) (mp e ) gpl(D)@

and

(6.25) T4 (F)(goo X 15) = > (T goor 1) TF Y Falay goot)wy (@, )™,
zpepm(pF ,p)Kp /Kp AeD

On the other hand, it is well known that
{zyls=1,...01—k—=1,be (Z/p°Z)} U{xy" | be Z/p"Z} U {m(p*,p")~"}

is a set of representatives of I'/T'm(p~",p~))T. In view of (6.20) and (6.21) we find
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ot (@sh) = o (=) ) e (550):
P (zy ) = o (w™n(=b)pr (m(p™* p™"))pp (w),
where p;t(m(p~*,p7"))ex = gz(?l%) €,(—k)/2)-
Thus, taking (6.24) and (4. 9) into account, we find that the right-hand side of (6.25) equals

7 (9o i)ik Z (7, goo) ™ Z Ix((goot)) (x)e)\

zer/rm@—k,p—l)r AeD

= F(le)l—k/QT(m(pfkmfl))f(goo X 1f).

For k = [ the set K,m(p*,p*)K,/K, consists only of the element m(p*,p¥). The Hecke

operator T'(m(p~*,p~*)) acts just by multiplication with g((D)) On the other hand,

9(D) .

idg
gpe(D) 7

Trk(m(p", p%)) = Te(m(p*,p")) =

and the arguments as before show that (6.18) equals 5 (( g) Fy.

The proof for p { |D| starts again with (6.18). It was already noted above that if z,
runs through the set of right cosets (6.19), then 2! runs through a set representatives of

P
I'/Tm(p~*, p~")I'. By Theorem 5.12 we know

_ A _ A
Thot(zp) (w; (1) 05")) = wi (1) 05
(A p)

= (Pp
Therefore,
_ A 1,

Qe ()66 @ Tialwp)wy L)y ™) = i ()™,

a7#p
The same thoughts as before then lead again to the claimed result. The proof for £ = [ works
the same way as in the corresponding case for p | |D|. O
Remark 6.10. i) The identity (6.16) can be rephrased with the help of the isomorphism

of . Let F' € Ag(wy) with the associated modular form fr € Si(pr) and fT the

modular form corresponding to 7z, ,(F)). Then (6.16) is equivalent to

(6.26) Frreagpy = PV (m(p k7)) (),

ii) It is also an immediate but important consequence of Theorem 6.9 and (3.11) that
f € S«(pr) is a common eigenform for all Hecke operators T'(m(p*,p')) if and only
if the associated automorphic form Fy is a common eigenform for all operators T T
for all primes p and all Ty,; € HT(Qp//Kp,wp) (H(Qp//Kp,wp) if p and |D| are
coprime). Remark 6.7, ii) allows us to extend this statement to the whole Hecke
algebra H1(Q,//Kp,wp) (and H(Q,//Kp,wp)). Thus,

TT(Ff) = Ay p(T) Fy

Tt (F)
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for all T € H*(Q,//Kp,wp) if and only if f € Sk(pr) is a common Eigenform for all
Hecke operators T(m(p~*,p~")). As in the classical scalar valued theory, we may then
conclude that the map

AFp H+(Qp//le,wp) —C, T = App(T)

associated to an eigenform F' € A, (wy) defines an algebra homomorphism.

7. STANDARD L-FUNCTION OF A COMMON HECKE EIGENFORM

This chapter is concerned with several issues regarding a standard L-function of a vector
valued Hecke eigenform. First, we will motivate and define a standard L-function L(s, F')
attached to a vector valued automorphic form F'. We follow the approach of Bouganis and
Marzec ([BM]), Bocherer and Schulze-Pillot ([BoSP]) and Shimura ([Sh]) adapted to our
situation. Via the correspondence in Theorem 6.9, it is then possible to associate the same
L-function to the corresponding Hecke eigenform fr. Along the way we establish most of the
results to prove a relation between the standard zeta function Z(s, f) and L(s, f). Afterwards,
based on this relation, we prove that the introduced standard L-function can be continued
meromorphically to the whole s-plane.

We assume in the whole chapter that L;, /L, is anisotrophic. We adopt the notation of
Section 5.

7.1. Standard L-function of a vector valued automorphic form. This section provides
the necessary theory to define a standard L-function for a vector valued automorphic form as
defined before. This is essentially the well known theory of spherical functions as it appeared
in many places (see e. g. [Ca], [McD] or [Sa]). Here we largely follow [Ar], Chapter 5,
and translate several statements therein to our setting. For primes p which are coprime to
|D| the proofs carry over almost verbatim. In the case of primes p dividing |D| the Hecke
algebra H*(Q,//K,,wp) is more complicated due to the Weil representation, causing serious
difficulties. The established results then provide the means to associate an L-function L(s, F)
to a vector valued automorphic form F' along the lines of [BM], Chapter 7.2.

Lemma 7.1. Let p be a prime.
i) If p is coprime to |D|, any C-algebra homomorphism & : H(Q,//Kp,wp) — C is of the

form
(7.1) T — &(T) = xs(T),
Here x is some uniquely determined unramified character of M, and
(7.2) Xs(T) = > SUT, o) (m@",p")x(m®*, ),
(k,l)ez?

S being the classical Satake map.
ii) If p divides |D|, any C-algebra homomorphism & : H(Q,//Kp,wp) — C is of the
form

T E(T) =Xs(T) = Y ((xp, o ST)(mp", ")), o)X (m(", "))
(k,l)ez?

= Y (SO)mE*, ), eNx(m k. ph)),
(k,l)€Z2

(7.3)
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where S is the Satake map (5.14), Iyp, is the isomorphism in (5.13) and x is again an
unramified character of M,,.

Proof. First, recall that s and Xs are well defined since S((T, goz(go))) and (S(T), goj(go)) have
finite support on M,,.

i) As already noted in Theorem 5.12, f — (f, go,(jo)) is an isomorphism of the Hecke alge-
bras H(Qp//Kp,wp) and H(Q,//Kp). From [Cal, Corollary 4.2, we know that any algebra
homomorphism of H(Q,,//IC,) is given by

g S(g)()x(t)dt,
teM,

where x is an unramified character of M. Since S(g) is bi-invariant under D,, and x unram-
ified, we obtain the above stated term. (note that we adopted the normalisation of the Haar
measures in [Cal, see Section 2).

ii) The proof in i) essentially relies on the fact that any C-algebra homomorphism & of
the group algbra C[M,/D,| can be written in terms of a uniquely determined unramified
character x of M, by

§T)= Y T(m)x(m).
meM, /Dy
By Theorems 5.11 and 5.9 we know that

T (L, 0 S(T), 0l

maps H(Q,//Kp,wp) isomorphically to a subalgebra of C[M,/D,] inducing the claimed
form of &. O

Note that each unramified character x of M, is of the form x(m(t1,t2)) = x1(t1)x2(t2),
where y; is an umramified character of Q, that is, x; is trivial on Zj.

Now we introduce for an unramified character x of M, the zonal spherical function on 9,
(cf. e. g. [Ca], p. 150): Let

(7.4) by Qp = C, g =nth— ¢ (mnk) = (x67)(m),

t

where n € N(Zp), m € M, and k € K,,. Here d(m(t1,t2)) = |

which we already introduced in Remark 5.10. Then the zonal spherical function w, on 9, is
defined by

is the modulus character,

(7.5) wy:Qp—=C, g wlg) = /IC o (kg)dE,

where dk is the Haar measure on K, normalized by |, K, dk = 1. It follows from its definition

(7.5) and (7.4) that w, is bi-invariant under /C,. The next fact is in principle well known for
primes p coprime to |D|.

Lemma 7.2. Let p be a prime, T € H(Q,//Kp,wp) and

__pg(Dp) 41
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Then the following identities hold:
(7. [, @) en(odg = x5(D)
P

if p is coprime to |D|.

1
il (0) -9
(7.7) o S T A hlo)dg = Rs(T)

if p is a divisor of |D)|.

Proof. If (p,|D]) = 1, the algebra H(Q,//Kp,wp) is isomorphic to the classical algebra
H(Qp//Kp). In particular, T' is bi-invariant with respect to IC,. Therefore, the result can be
proved as in [McD], p. 46, or [Ca], p. 150. Following the proof of either of the cited sources,
we end up with

m m1/2 mn (0) n.
(78) /m X /N o, .0

Since S((T, go,(,o)>) is bi-invariant under D, and x is unramified, this is equal to

> x(m@*, p)SUT, ) (mp*, p")).
(k,)€z?

For p | |D| the computations are more involved since T' € H*(Q,//K,,wp) is not bi-invariant
under K. However, it is still possible to remedy the absence of the bi-invariance. To this end,
we use two facts. First, due to the decomposition (7.10) and equation (7.11) below, we infer
that the Weil representation wy, (k) acts on S%: by multiplication with the quadratic character
xp, for k € Ko(p). Secondly, by Lemma 13.1 of [KL], we know that {T 7w | j € Z/pZ}U{12}
provides a set of coset representatives of /C,/Ko(p). Thus, taking this and the Iwasawa
decomposition into account, it follows

/Q (T(9)) xizyy - 90 x(9)dg

(7.9) ’ |
- / / / Z <T(m”)wp(T_jw)Wp(k’)¢;(;o)a@éo)ﬁ(m)l/zx(m)dm dn dk.
Mp JN(Qp) /Ko(p) JEZ/pT.

For further evaluation of the integral over Ky(p), we remark that any matrix k = (;C Z) €

Ko(p) can be written as product

(7.10) k = m(det(k), )m(d")n(b)n_(ped™),
which allows to conclude that ICo(p) is equal to the direct product
M(Zy)D((Zyy)*)N(Zp)U (PZp)-

We may therefore replace

Joo ™™ L oy o )
Ko(r) w@y) Io@) Ine,) Juez,)
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by Fubini’s theorem. For the sake of clarity we write [,, for the integrals |, D(z2) J NG, e VZ,):
D
Since the level of Lj,/L, is p, we have in view of (4.8) and Theorem 5.9, i)

(7.11) wp(m(d_l)m(ad — bpc, 1)n(b)n,(pcd_1))gp1(30) = XD, (d)gpz()o)
and
(7.12) T(m(p"s1,p'sa)n) o) = xp, (s2)T (m(p", p")n)pl).

Thus, taking (7.11) and (7.12) into account, the right-hand side of (7.9) equals

(klez2/DP/N(@P / /’

> X, (s2)x0, (T (m(p¥, pHYyn)wp (T Tw) el o) (m(p*, p) 2 x (m(p¥, p'))ds dn dr dk

JEZ/PZ
(kleZZ/Dp/N(Qp /M(Z //

> AT, pn)wp(TTw)el, o)s(m(p", p)2x(m(p", p'))ds dn dr dk.
JEL/PL

The last equation results from the transformation
(m(s1,82),n,m(r~1), k) = (m(s1, s2)m(r="),n,m(r~)m(sy 1), k).
In light of the assumption p(D,) = 1, we may write for the last expression above

{ > am",p) Y x(mp", ') x
(

kl)ez?

/ (Tt pm) D wp(Tw)e, ¢p)dn
N(Q)

JEL/pL

(k,)ez2 N(Qp)

+ ) s(mp, )2 (m(p’“,pl)))/ (T(m(p*, p")n)el™, ) dn }

where u(KCo(p)) = +1 (see [KL], (13.3)). The formulas (4.7) of w, allow us to evaluate the
sum over j exphc1tly

> wp(T 7wl = YN edatw)en”

(713) JEL/PZL V€L, /Ly §EL/PL

= pg(Dy) ),
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which gives

/Q (T(D) sy 0 )O3 (9)dg

P

k37 Sm( ) Pt ) [ (T ) dn
(k,l)ez2 N(Qp) o
=rp Y (ST (m@",p'), &) x(m (¥, p"))
(k,l)ezZ?
as T|S NGy 18 right-invariant under N(Z,). O

For s € C we define vs : Q,, = C by
vs(kigks) = vs(g) for all ki, ke € KC), and all g € O,

(7.14) “(kHs (k1) € Ay,
vo(m(p*,p)) = ¥ .0) "
0, otherwise.

To relate L(s, F') and Z(s, fr), we calculate the integral

[ vloptords
Q

P

in two different ways. The first one is an analogue of Lemma 5.2 in [Ar].

Lemma 7.3. Let p be a prime, x be an unramified character of M,,

To e {H@p/ﬂcp,wp» ptID)
’ HT(Qp//Kp,wp), p||D],

g Z(Dp)
C(L,) = 22>~
( P) szg(Dp)
and
Bs(x, X) = Y Xs(Tun) X' and Bs(x, X) = > Xs(Tr)) X
(k,l)eA, (k,l)eA+

where Ky, is specified in Lemma 7.2 and Xg, Xs are defined in Lemma 7.1. Then
i)
(7.15) [ vleelods = Bocr™)

P

if p1|D].

ii)

(7.16) / va(9)r(9)dg = C(Ly)B(x.p~)

P

if p | |D].
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Proof. For p coprime to |D| the proof is essentially the same as the one of Lemma 5.2 in [Ar].
One has just to replace the term v, with our corresponding v and ¢, with T} ;.

Again, the proof for p | |D| is more complicated. It uses the same ideas as the ones in the
proof of Lemma 7.2 and proceeds similar to the proof of [Ar], Lemma 5.2. In light of the
Cartan decomposition, we have

/us< w(g)dg = 3 / / vy, p) ey (m(p¥, ) ks dky

(k,l)ez?

= Y p e (mpF, )

(k,lyeAt

(7.17)

On the other hand, for Ty; € HT(Qp//Kp, wp) (with T = Ty),

3 / [ Beaam(e 1) i ks
P

(k,l)eAt

Z Z Z /o(p)/lCo(p)><

(k,)EAL uEL/PLvEL] DL

(Thoa (m(p*, p'))wop (T~ whk]) o), wp (T~ whkdy) oY (m(p*, p'))dk dihy+
3 / / (Toa (10 1)) (K)o p ()o@ oy (i (0, 1)) K, I,
(kl)eA Ko(p)

By means of the same notations and techniques as in the proof of Lemma 7.2, we may replace
the last expression with

/ // /XDP(H)XDP(W)X
(k)ehs Y MZp) IR IM(2Z5) JK!

(Tea(m@*, ") D wp(T w0, Y wp(T w) e wy (m(p*, p'))dry dky dry dky+
w€Z/p vEZL/PL

Z / // /XD,,(Tl)XDp(TQ)X
(kDA ” MZy) IR IM(Zg) JK!

(Tioa (m(p™, )0, 0wy (m(p", p'))dry dky dry dks.

(7.18)

We can get rid of the characters xp, by employing the transformation

(m(rl_l)’ ki1, m(TZ_I)a k2) = ( (Tl l)m(TQ_I)a ki1, m(TQ_I)m(Tl_l)7 k2)-

Then by the explicit evaluation (7.13) of the Gauss sums, (7.18) simplifies to

K23 (Tea(m(@*, ), o)y (m(p*, p')).

(ke
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Since Tk,l(m(pk,pl))ww(zp) = ((5)) id N(Zp), we may replace the right-hand side of (7.17)
with
( LS e ), 0 e (mF )
9(Dy) (kleA+
s(k+1) (0)
Tia(g ep )Wy (9)dg
Kpd Z /Kpm(p’“,pl)ICp< ( )‘SN(ZP) p1ex(9)
_ gpl( s(k+0) 0)
= 24D, Z o (Tet@)) iz, 25 eon 0)d,

e P

where we have used the previous calculations for the first equation. In light of Lemma 7.2 we
obtain the result. O

Observe that in view of (5.24) (which can also be applied to the easier case when p is coprime
to |DJ), it is guaranteed that the Dirichlet series B(x,p™*) converges in both considered
instances normally for all s € C with Re(s) sufficiently large and represents in the region
of convergence a holomorphic function. The equations (7.15) and (7.16) are valid for these
s € C and each integral on the left-hand side of these equations is consequently a holomorphic
function in s on the before mentioned region.

The next Lemma is a variant of a Theorem which is due to Murase and Sugano (see [Ar],
Theorem 5.3). It connects the series B(x,p~*) with the rational expression

1+ x1(p)x2(p)p~*
(L =x1(p?)p~2)(1 — x2(p*)p~%)

attached to an unramified character x = (x1, x2) of M,,.

Lemma 7.4. Let p be a prime, x = (x1,x2) be an unramified character of M,. Then

B 1+ xa(p)xa(p)p
(7.19) /Qp VSJr%(g)Wx(g)dg T (1= x1(p)p25) (1 — x2(pY)p =)

Proof. A similar formula for the group GL2(Q)) appears in [Mu2], p. 263. A proof for this
formula can be extracted from [Sh], Lemma 3.13. Since we work with the subgroup Q,, we
have to adjust the proof of this Lemma.

For the convenience of the reader, we repeat the relevant steps of the proof in [Sh]. We

have
[, v @entorts= [ vy @it

P

The right-C, invariance of v,/ and ¢, allows us to write

/ D)oy (g)dg = / / 1 (gh)b (gh)didg
Qp/Kp JKCp

Vey1(9)9x(9)dg

—2s

a ‘/QPHMQ(ZP)/ICP
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It can be checked that Lemma 3.12 of [Sh] applies to our situation. Thus,

/QVH;(g)céx(g)dg: S pFa(m*, )2 x(m(p, ph))p~ s+ EFD

(k,D)eA
= > x(mp*,p"))p*H.
(k,)eA

In order to include the condition k + [ € 2Ny, we split each of the sums over k£ and [ into two
sums running over odd and even integers. The last expression then becomes

00 o0
ZZXl(p)2kX2( 2l —2ks 72ls+ Z le 2m+1 )2n+1p7(2m+1)sp7(2n+1)s

k=0 1=0 m=0n=0
= 1+ x1()x2(P)p~**)[(1 = x1(P*)p~>*)(1 — x2(p*)p~>*)] 7"

Combining Lemma 7.4 with Lemma 7.3 immediately yields

Theorem 7.5. Let x = (x1,X2) be an unramified character of M,

Bs(, X)= Y xs(Tu)X*" and Bs(x. X) = Y Xs(Tp) X"
(kvl)eAJr (kvl)€A+

Then Bs(x,p~*®) and Bs(x,p~*) can be written as a rational expression in x1(p), x2(p):

1+ x1(p)x2(p)p~2H1
(I =x1(P?)p~ 2T (1 — x2(p?)p=25F1)’
1 1+ x1(p)xa(p)p>*!
C(Lyp) (1 = xa(pP)p=25) (1 — x2(p?)p~25+1)

Now let ' € A, (wy) be a common eigenform of all operators T2, (k,1) € A4, with eigen-
values A, (T);). Then according to Remark 6.10 a C-algebra homomorphism of H*(Q,/ /K, wp)
(and H(Qp//Kp,wp) for (p,|D|) = 1) is defined for each prime p via the eigenvalues Ar,. By

(X%L,Xg,) of M,, satisfying

Bs(x,p~°) =

(7.20)
Bs(x,p™°) =

Lemma 7.1, A, determines an unramified character xr, =

Arp(Tig) = {Z(T,S)GZQS«Tkl; N (m", p*)xEp(m@",p%)), (p,|D]) =
D E(T,S)GZQ<S(T]€1)( mp’, p°)), 901(7)>XF,p(m(pT7pS))7 p| D]

(7.21)
_ {ms@,z), (p,|D]) =
)

Xrps(Tk1), D]

According to Theorem 7.5 we have

> Arp(Te)p ™ * ) = > g (Te)p ¢
(kvl)€A+ (k l)€A+

- L+ x5 (o)X (p)p 2+
(1= Xy (P21 (1 = X (p)p 25+
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if (p,|D]) =1 and

Z )\F,p(TM)p—s(kJrl): Z @S(TkJ)p—s(k—i-l)
(k1)EA (hDehs

| 1+ X0 X8 (p)p

C(Lp) (1-— X%L(ﬁ)p_?s“)(l _ Xgi(p2)p—2s+1)

—2s+1

if p | |D|. Following [BM], Chap. 7.2, and [BoSP], Chap. 1.§2, these identities give rise to the
definition of a standard L-function associated to F'.

Definition 7.6. Let F € A,(wy) be a common eigenform of all operators Tk, (k,1) € Ay.
We define the standard L-function of F' by

(7.22) L(s,F) = [] Ly(s, F)
p<oo
with
L) (D)X (p)p~25t1 (p,|D|) =1
(1=, (P22t ) (1=x ) (p2)p25+1) ] ’ ’
(7.23) Ly(s,F)=
(1) (2) —2s+1
1 1+Xpyp(p)XF,p(p)p p ’ |D‘

L) (1o, (092 (mxie (02)p 2
Let f € Sk(pr) and Fy be the associated automorphic form. Based on Remark 6.10 we then
define the standard L-function of f by
(7.24) L(s, f) = L(s, F).

7.2. Analytic properties of L(s, F). In this section we study the analytic properties of
the L-function L(s, F'). It turns out that it can be continued meromorphically to the whole
s-plane.

7.3. Relation to the standard zeta-function Z(s, f). The subsequent exposition is es-
sentially due to Arakawa, [Ar], Theorem 5.5, tailored to our setting.

Let T}, ; be the operator in Corollary 5.8. Then Z(k,l)eA+ Tk’lp_s(’”l) converges with respect
to the standard norm induced by (-,-) on Sp, for all Re(s) > 1 and is thus a well defined ele-
ment in H(Q,//K,,wp) (and H(Qp//Kp,wp) for p coprime to |D|) and TEwneny Tear "¢
also makes sense. Let F' € A,(ws) a common eigenform all operators TTet and fr the
corresponding modular form in S, (pr). Further, let

f —se+) € Sk(pL
Tz(k,l)eA+ Tk, 1P (F) ”( )

s(k+1)

be related to T2 (e ThiP” (F) by <. We then have by Remark 6.7
TZ(k,z)eA+ Tig,p™ >+ — Z p—S(k‘H)TTk,z
(k,l)eA+
and

- R— —s
o1 (TZ(k,l)EA+ k1P (F)) = Z 14 (k+l)f7‘Tk,l(F)'
(k,l)€A+
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Now, because of (7.21)

Z p_s(k+l)7'Tkl
(k,eA+

> p N (Thy) | F
(k), eAL
. Z kl)eAt XF;DS(T l)p_s(k+l) F, (p7 ’DD =1
Z El)eA XFps(Tk)p D) F p| D)
d

BS XFpsD s F7 (p, ‘DD =
B XF,pa F7 p| ‘D|

On the other hand, using (6.26) and (3.11) we find

Yo e = Y ID) g,y /28 )
gpr+1 (L)

(k‘,l)EA+ (kD)eX+
=Zp(s+r/2=1,fr)fF

since fr is an eigenform of all Hecke operators T'(m(p*, p')) by Remark 6.10. The calculations
before show

Z pfs(kJrl)fTTM(F) — ! Z p*S(’%H)TTk,l (F)
(k,D)eAy (k,l)eAt
_ ) Bsxepp™) fry (p,|D]) =1
BS(XF,papis)fFv p | |D’

It follows

Z(k,l)€A+ )\f(m(pkapl))p(l_ﬁ/z_s)(k—i_l)a (pa |D|) =
Zp(s+K/2—1,fF) =
D —K —S
2 (ke %M(m(l)kapl))p“ 2=k p | D)

_ ) Bsxrp:p™?), (0 |D]) =
Bs(xrp,p~°), »||D|.

With the help of Theorem 7.5 we finally obtain

Theorem 7.7. Let D be an anisotropic discriminant form, f € Se(pr) be a common eigen-
form of all Hecke operators T'(m(k,1)), (k,l) € Ay, and Fy € Ag(wy) the corresponding
automorphic form. Then

(7.25) Z(s+r/2—1,f) = L(s, Fy).

Theorem 7.8. Let k € 27, k > 3, satisfy 2k+sig(L) = 0 mod 4, D be an anisotropic discrim-
inant form and f € S.(pr) a common eigenform of all Hecke operators T'(m(k,1)), (k,1) € A4.
Then the standard L-function L(s, f) can be meromorphically continued to the whole s-plane.

Proof. The proof merely boils down to use Theorem 3.3 to establish the fact that Z(s, f) is
meromorphic on the whole s-plane and subsequently Theorem 7.7 to transfer the analytic
properties of Z(s — k/2 —1, f) to L(s, F¥). O
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